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The Proof of Theorem 1

In order to prove Theorem 1, we first introduce the Hoeffding’s lemma.

Lemma 1 Given a random variable X , a ≤ X ≤ b, and E[X] = 0, then for any s > 0, we have

E [exp{sX}] ≤ exp

{
s2(b− a)2

8

}
.

Then we can prove Theorem 1.
Proof. We first define X = {X1, ..., Xn}, Xi:j = {Xi, . . . , Xj}, Z0 = E[f(X)], Zi = E[f(X)|X1, . . . , Xi], and Zn =

f(X). Then let

Uk = sup
u
{E[f(X)|X1:k−q, u1:q]− E[f(X)|X1:k−q]}

Lk = inf
l
{E[f(X)|X1:k−q, l1:q]− E[f(X)|X1:k−q]},

where u = (u1, . . . , uq)
T , l = (l1, . . . , lq)

T , and k is required to be no smaller than q. Then we have

Uk − Lk
≤ sup

u,l
{E[f(X)|X1:k−q, u1:q]− E[f(X)|X1:k−q, l1:q]}

= sup
u,l


∫ [

f(X1:k−q, u1:q, yk+1:n)− f(X1:k−q, l1:q, yk+1:n)
] n∏
j=k+1

p(Xj = yj)dyk+1:n


≤
∫

sup
u,l

[f(X1:k−q, u1:q, yk+1:n)− f(X1:k−q, l1:q, yk+1:n)]

n∏
j=k+1

p(Xj = yj)dyk+1:n

≤
∫
a

n∏
j=k+1

p(Xj = yj)dyk+1:n

= a,

where the first equality holds due to the independence among all variables, the second inequality holds due to the Jensen’s
inequality, and the last inequality holds due to the bounded differences condition. It is easy to show that Lk ≤ Zk−Zk−q ≤ Uk.
Since

E[Zk − Zk−q|X1:k−q]

= EXk−q+1:n
[E[f(X)|X1:k]− E[f(X)|X1:k−q]]

= E[f(X)|X1:k−q]− E[f(X)|X1:k−q]

= 0,

by applying Lemma 1, we can get

E [exp{s(Zk − Zk−q)}|X1:k−q] ≤ exp

{
s2a2

8

}
. (13)



By using Markov’s inequality, we can bound p(f(X)− E[f(X)] ≥ ε) as
p(f(X)− E[f(X)] ≥ ε)
≤ exp{−sε}E[exp{s(f(X)− E[f(X)])}]
= exp{−sε}E[exp{s(Zn − Z0)}]

= exp{−sε}E

exp

s
n/q∑
i=1

(
Ziq − Z(i−1)q

)


= exp{−sε}E

exp

s
n/q−1∑
i=1

(
Ziq − Z(i−1)q

)E
[

exp{Zn − Zn−q}|X1:n−q

]
≤ exp{−sε}E

exp

s
n/q−1∑
i=1

(
Ziq − Z(i−1)q

) exp

{
s2a2

8

}
≤ . . .

≤ exp{−sε} exp

{
ns2a2

8q

}
= exp

{
−sε+

na2

8q
s2
}
,

where the third equality follows due to one property of expectation that E[f(X)g(Y )] = EX [f(X)EY [g(Y )|X]] and the second
inequality holds due to the bound shown in Eq. (13). In order to obtain a tight bound, we minimize the last equation with respect
to s and get a critical point at s = 4qε

na2 . Substituting, we can get

exp

{
−sε+

na2

8q
s2
}

= exp

{
−2qε2

na2

}
,

which completes the proof. �

The Proof of Theorem 2
Proof. By removing one training data point for each task, we can bound the difference on the generalization error as

|R(A,S)−R(A,S\I)|

≤ E{zi}

[∣∣∣∣∣∑
i

(l(AS , zi)− l(AS\I , zi))

∣∣∣∣∣
]

≤ τ,
where the first inequality holds due to the Jensen’s inequality and the second one follows because of the definition of the
multi-task uniform stability. Then based on the above inequality, we have

|R(A,S)−R(A,SI)|
≤ |R(A,S)−R(A,S\I)|+ |R(A,SI)−R(A,S\I)|
≤ 2τ. (14)

Moreover, we have
|Remp(A,S)−Remp(A,SI)|

≤ 1

n0

∑
j 6=I0

|
m∑
i=1

(
l(AS , zij)− l(ASI , zij)

)
|+ 1

n0

m∑
i=1

|l(AS , ziI0)− l(ASI , ẑiI0)|

≤ 1

n0

∑
j 6=I0

|
m∑
i=1

(
l(AS , zij)− l(AS\I , zij)

)
|+ 1

n0

∑
j 6=I0

|
m∑
i=1

(
l(ASI , zij)− l(AS\I , zij)

)
|

+
1

n0

m∑
i=1

|l(AS , ziI0)− l(ASI , ẑiI0)|

≤ 2τ +
mM

n0
, (15)



where without loss of generality we assume different elements in I are identical (i.e., Ii = I0 for i = 1, . . . ,m) due to the
symmetry of the algorithm A, making the derivation simple and clear. Combining the bounds in Eqs. (14) and (15), for any I
we have

|(R(A,S)−Remp(A,S))− (R(A,SI)−Remp(A,SI))|
≤ |R(A,S)−R(A,SI)|+ |Remp(A,S)−Remp(A,SI)|

≤ 4τ +
mM

n0
.

Thus the random variable R(A,S)−Remp(A,S) satisfies the conditions of the generalized McDiarmid’s inequality presented
in Theorem 1 with a = 4τ + mM

n0
and hence we have

p
(
R(A,S)−Remp(A,S)− ES [R(A,S)−Remp(A,S)] ≥ ε

)
≤ exp

{
− 2ε2

n0(4τ + mM
n0

)2

}

= exp

{
− 2n0ε

2

(4n0τ +mM)2

}
or equivalently

p
(
R(A,S)−Remp(A,S) ≤ ES [R(A,S)−Remp(A,S)] + ε

)
≥ 1− exp

{
− 2n0ε

2

(4n0τ +mM)2

}
. (16)

Then we need to bound ES [R(A,S)−Remp(A,S)]. Note that

ES [Remp(A,S)] =

m∑
i=1

1

n0

n0∑
j=1

ES [l(AS , zij)]

=

m∑
i=1

1

n0

n0∑
j=1

ES,ẑi
j
[l(AS , zij)]

=

m∑
i=1

1

n0

n0∑
j=1

ES,ẑi
j
[l(ASI , ẑij)]

=

m∑
i=1

ES,ẑi∼Di [l(ASI , ẑi)],

where the last second equality holds by renaming zij as ẑij and the last one follows by renaming ẑij as ẑi. Then we can bound
ES [R(A,S)−Remp(A,S)] as

ES [R(A,S)−Remp(A,S)]

= ES,{ẑi}

[
m∑
i=1

(
l(AS , ẑi)− l(ASI , ẑi)

)]

≤ ES,{ẑi}

[∣∣∣∣∣
m∑
i=1

(
l(AS , ẑi)− l(ASI , ẑi)

)∣∣∣∣∣
]

≤ ES,{ẑi}

[∣∣∣∣∣
m∑
i=1

(
l(AS , ẑi)− l(AS\I , ẑi)

)∣∣∣∣∣
]

+ ES,{ẑi}

[∣∣∣∣∣
m∑
i=1

(
l(ASI , ẑi)− l(AS\I , ẑi)

)∣∣∣∣∣
]

≤ 2τ,

where ẑi ∼ Di for i = 1, . . . ,m and the last inequality holds due to the definition of the multi-task uniform stability. Due to
the above inequality, we have

p
(
R(A,S)−Remp(A,S) ≤ 2τ + ε

)
≥ p
(
R(A,S)−Remp(A,S) ≤ ES [R(A,S)−Remp(A,S)] + ε

)
≥ 1− exp

{
− 2n0ε

2

(4n0τ +mM)2

}
,



where the second inequality holds due to Eq. (16). Then by setting exp
{
− 2n0ε

2

(4n0τ+mM)2

}
to δ, we can reach the conclusion. �

The Proof of Eq. (6)

Proof. We denote an event RSTi ≤ RSTemp,i + 2τi + (4n0τi + M)
√

ln(1/ρ)
2n0

by Ai. Then we have p(Ai) ≥ 1 − ρ. Since
Ai’s are independent, we have p(

⋂
iAi) =

∏m
i=1 p(Ai) = (1 − ρ)m. Since it is well-known that (1 − ρ)m ≥ 1 − mρ and

(1 − ρ)m ≈ 1 −mρ when ρ is very small, we have p(
⋂
iAi) ≥ 1 −mρ. Since

⋂
iAi implies RST ≤ RSTemp + 2

∑m
i=1 τi +

(4n0
∑m
i=1 τi +mM)

√
ln(1/ρ)
2n0

, then we have

p

RST ≤ RSTemp + 2

m∑
i=1

τi + (4n0

m∑
i=1

τi +mM)

√
ln(1/ρ)

2n0

 ≥ p(⋂
i

Ai) ≥ 1−mρ.

In order to compare with the multi-task bound in Eq. (3) which holds with probability at least 1 − δ, we define δ = mρ and
then reach the conclusion. �

The Proof of Theorem 3

Proof. We first define the Bregman divergence associated to a function G of g to g′ by

dG(g, g′) = G(g)−G(g′)− 〈g − g′,5G(g′)〉,

where5G(g′) denotes the gradient of G(·). It is easy to show that dG(g, g′) is nonnegative when G(·) is convex. We define

Rr(W) =

m∑
i=1

1

ni

ni∑
j=1

c(wT
i xij , y

i
j) + tr(WΩ−1WT )

R\Ir (W) =

m∑
i=1

1

ni

∑
j 6=Ii

c(wT
i xij , y

i
j) + tr(WΩ−1WT )

Remp(W) =

m∑
i=1

1

ni

ni∑
j=1

c(wT
i xij , y

i
j)

R\Iemp(W) =

m∑
i=1

1

ni

∑
j 6=Ii

c(wT
i xij , y

i
j).

Let W and W\I denote the minimizors of Rr(W) and R\Ir (W) respectively. Then we have

dRr
(W\I ,W) + d

R
\I
r

(W,W\I)

=Rr(W
\I)−Rr(W) +R\Ir (W)−R\Ir (W\I)

=

m∑
i=1

1

ni

(
c
(

(w
\I
i )TxiIi , y

i
Ii

)
− c

(
wT
i xiIi , y

i
Ii
))
,

where w
\I
i is the ith column of W\I and the first equality holds since W and W\I are the minimizors of Rr(W) and

R
\I
r (W) respectively, implying that the gradients are zero. Due to the nonnegativity of the Bregman divergence, we have

dRemp(W\I ,W) + d
R
\I
emp

(W,W\I) ≥ 0. By denoting the regularizor (i.e. tr(WΩ−1WT )) in problem (8) by a function
N(W) and using one fact that dA+B(g, g′) = dA(g, g′) + dB(g, g′) for any functions A and B, we can get

dN (W\I ,W) + dN (W,W\I) ≤
m∑
i=1

1

ni

(
c
(

(w
\I
i )TxiIi , y

i
Ii

)
− c

(
wT
i xiIi , y

i
Ii
))
.



After some calculation, we can get dN (W\I ,W) = dN (W,W\I) = tr
(
(W −W\I)Ω−1(W −W\I)T

)
. Then we can

simplify the above inequality as

2tr
(

(W −W\I)Ω−1(W −W\I)T
)

≤
m∑
i=1

1

ni

(
c
(

(w
\I
i )TxiIi , y

i
Ii

)
− c

(
wT
i xiIi , y

i
Ii
))

≤
m∑
i=1

σ

ni
|(w\Ii )TxiIi −wT

i xiIi | (σ-admissible loss function)

≤
m∑
i=1

σ

ni
‖w\Ii −wi‖2‖xiIi‖2 (Cauchy-Schwarz Inequality)

≤ κσ

mini ni

m∑
i=1

‖w\Ii −wi‖2 (definition of κ)

≤ κσ
√
m

mini ni
‖W\I −W‖F (Cauchy-Schwarz Inequality), (17)

where ‖ · ‖2 denotes the `2 norm of a vector and ‖ · ‖F denotes the Frobenius norm of a matrix. Since λ1(Ω) is the
largest eigenvalue of Ω, we can get λ1(Ω)Im � Ω and Ω−1 � 1

λ1(Ω)Im where A � B means A − B is a positive

semidefinite matrix and Im denotes an m × m identity matrix. Hence we have tr
(
(W −W\I)Ω−1(W −W\I)T

)
≥

1
λ1(Ω) tr

(
(W −W\I)(W −W\I)T

)
= 1

λ1(Ω)‖W −W\I‖2F . By plugging this inequality into the Eq. (17), we can get

‖W −W\I‖F ≤
λ1(Ω)κσ

√
m

2 mini ni
.

Similar to the derivation in Eq. (17), we can easily get∣∣∣∣∣
m∑
i=1

(l(AS , zi)− l(AS\I , zi))

∣∣∣∣∣ ≤ κσ√m‖W\I −W‖F ≤
λ1(Ω)κ2σ2m

2 mini ni
,

which holds for any zi ∼ Di (i = 1, . . . ,m). By setting ni to be n0 for i = 1, . . . ,m, we can complete the proof. �

The Proof of Theorem 4
Proof. Since W? is the optimal solution of problem (8), we have

tr(W?Ω−1(W?)T ) ≤ 1

n0

m∑
i=1

n0∑
j=1

c((w?
i )
Txij , y

i
j) + tr(W?Ω−1(W?)T )

≤ 1

n0

m∑
i=1

n0∑
j=1

c(0, yij)

≤mη,

where the last inequality holds due to the first property of the cost function c(·, ·). Since tr(W?Ω−1(W?)T ) ≤
1

λ1(Ω) tr(W
?(W?)T ) = 1

λ1(Ω)‖W
?‖2F , we can get ‖W?‖F ≤

√
λ1(Ω)mη, which implies ‖w?

i ‖2 ≤
√
λ1(Ω)mη for

i = 1, . . . ,m. Then we can bound c((w?
i )
Tx, y) as

c((w?
i )
Tx, y) ≤ |c((w?

i )
Tx, y)− c(0, y)|+ c(0, y)

≤ σ|(w?
i )
Tx|+ η

≤ σ‖w?
i ‖2‖x‖2 + η

≤ σκ
√
λ1(Ω)mη + η,

where the first inequality holds due to one fact that |a+b| ≤ |a|+ |b| for any scalars a and b, and the second inequality holds due
to the properties of the cost function, the third inequality holds due to the Cauchy-Schwarz inequality, and the last inequality
holds due to the boundedness of ‖w?

i ‖2 and ‖x‖2. Finally we reach the conclusion. �



The Proof of Theorem 5
For a general regularized multi-task algorithm defined in Eq. (7), we define

Rr(W) =
1

n0

m∑
i=1

n0∑
j=1

c(wT
i xij , y

i
j) + g(W) (18)

R\Ir (W) =
1

n0

m∑
i=1

∑
j 6=Ii

c(wT
i xij , y

i
j) + g(W) (19)

Remp(W) =
1

n0

m∑
i=1

n0∑
j=1

c(wT
i xij , y

i
j)

R\Iemp(W) =
1

n0

m∑
i=1

∑
j 6=Ii

c(wT
i xij , y

i
j).

Then we have the following result.

Lemma 2 For any t ∈ [0, 1], we have

g(W?)− g(W? + t∆W?) + g(W
\I
? )− g(W

\I
? − t∆W?) ≤

tσκ
√
m

n0

∥∥∥W? −W
\I
?

∥∥∥
F
,

where W? is a minimizer of Rr(·), W
\I
? is a minimizer of R\Ir (·), and ∆W? = W

\I
? −W?.

Proof. Since the cost function c(·, ·) is convex, R\Iemp(·) is also convex, implying that

R\Iemp(W? + t∆W?)−R\Iemp(W?) ≤ t(R\Iemp(W
\I
? )−R\Iemp(W?)),

which holds for any t ∈ [0, 1]. Similarly we have

R\Iemp(W
\I
? − t∆W?)−R\Iemp(W

\I
? ) ≤ t(R\Iemp(W?)−R\Iemp(W

\I
? )).

Summing the two preceding inequalities yields

R\Iemp(W? + t∆W?)−R\Iemp(W?) +R\Iemp(W
\I
? − t∆W?)−R\Iemp(W

\I
? ) ≤ 0. (20)

According to the definitions of W? and W
\I
? , we have

Rr(W?)−Rr(W? + t∆W?) ≤ 0

R\Ir (W
\I
? )−R\Ir (W

\I
? − t∆W?) ≤ 0.

Summing the two preceding inequalities and Eq. (20), we can get

g(W?)− g(W? + t∆W?) + g(W
\I
? )− g(W

\I
? − t∆W?)

≤ 1

n0

m∑
i=1

(c((w̃?
i )
TxiIi , y

i
Ii)− c((w

?
i )
TxiIi , y

i
Ii)),

where w̃?
i is the ith column of W? + t∆W? and w?

i is the ith column of W?. Since c(·, ·) is σ-admissible, we have

g(W?)− g(W? + t∆W?) + g(W
\I
? )− g(W

\I
? − t∆W?) ≤

tσ

n0

m∑
i=1

∣∣∣(w?
i −w

\I,?
i )TxiIi

∣∣∣
≤ tσκ

n0

m∑
i=1

∥∥∥w?
i −w

\I,?
i

∥∥∥
2

≤ tσκ
√
m

n0

∥∥∥W? −W
\I
?

∥∥∥
F
,

in which we reach the conclusion. �
Then based on Lemma 2, in the following we can prove Theorem 5.



Proof of Theorem 5. We define the regularization function g(W) as g(W) = α‖W‖∗ + β
2 ‖W‖

2
F . By denoting by W and

W\I the minimizers of Rr(·) and R\Ir (·) respectively as defined in Eqs. (18) and (19), we have

g(W) + g(W\I)− 2g

(
1

2
(W + W\I)

)
≤ σκ

√
m

2n0

∥∥∥W −W\I
∥∥∥
F
,

which holds due to Lemma 2 by setting t to be 1/2. Moreover, we have

g(W) + g(W\I)− 2g

(
1

2
(W + W\I)

)
= α

(
‖W‖∗ + ‖W\I‖∗ − ‖W + W\I‖∗

)
+
β

4

∥∥∥W −W\I
∥∥∥2
F

≥ β

4

∥∥∥W −W\I
∥∥∥2
F
,

where the inequality holds due to the triangle inequality property of the trace norm. Combining the preceding two inequalities
yields ∥∥∥W −W\I

∥∥∥
F
≤ 2σκ

√
m

βn0
.

Similar to the derivation in Eq. (17), we can easily get∣∣∣∣∣
m∑
i=1

(l(AS , zi)− l(AS\I , zi))

∣∣∣∣∣ ≤ κσ√m‖W\I −W‖F ≤
2κ2σ2m

βn0
,

in which we reach the conclusion. �

The Proof of Theorem 6
Proof. Since W? is the optimal solution of problem (10), we have

α‖W?‖∗ +
β

2
‖W?‖2F ≤

1

n0

m∑
i=1

n0∑
j=1

c((w?
i )
Txij , y

i
j) + α‖W?‖∗ +

β

2
‖W?‖2F

≤ 1

n0

m∑
i=1

n0∑
j=1

c(0, yij)

≤mη,

where the second inequality holds since W? is the minimizer of problem (10) and the last inequality holds due to the first
property of the cost function c(·, ·). Since ‖W?‖∗ ≥ ‖W?‖F , we can get α‖W?‖F + β

2 ‖W
?‖2F ≤ mη, leading to ‖W?‖F ≤

1
β (
√
α2 + 2mηβ−α) which implies that ‖w?

i ‖2 ≤ 1
β (
√
α2 + 2mηβ−α) for i = 1, . . . ,m. Then we can bound c((w?

i )
Tx, y)

as

c((w?
i )
Tx, y) ≤ |c((w?

i )
Tx, y)− c(0, y)|+ c(0, y)

≤ σ|(w?
i )
Tx|+ η

≤ σ‖w?
i ‖2‖x‖2 + η

≤ σκ

β
(
√
α2 + 2mηβ − α) + η,

where the first inequality holds due to one fact that |a+b| ≤ |a|+ |b| for any scalars a and b, and the second inequality holds due
to the properties of the cost function, the third inequality holds due to the Cauchy-Schwarz inequality, and the last inequality
holds due to the boundedness of ‖w?

i ‖2 and ‖x‖2. Finally we reach the conclusion. �

The Proof of Theorem 7
Proof. We define the regularization function g(W) as g(W) = α

2 ‖W‖
2
∗ + β

2 ‖W‖
2
F . By denoting by W and W\I the

minimizers of Rr(·) and R\Ir (·) respectively as defined in Eqs. (18) and (19), we have

g(W) + g(W\I)− 2g

(
1

2
(W + W\I)

)
≤ σκ

√
m

2n0

∥∥∥W −W\I
∥∥∥
F
,



which holds due to Lemma 2 by setting t to be 1/2. Moreover, we have

g(W) + g(W\I)− 2g

(
1

2
(W + W\I)

)
=

α

2

(
‖W‖2∗ + ‖W\I‖2∗ −

1

2
‖W + W\I‖2∗

)
+
β

4

∥∥∥W −W\I
∥∥∥2
F

≥ α

2

(
‖W‖2∗ + ‖W\I‖2∗ −

1

2
(‖W‖∗ + ‖W\I‖∗)2

)
+
β

4

∥∥∥W −W\I
∥∥∥2
F

=
α

4

(
‖W‖2∗ + ‖W\I‖2∗ − 2‖W‖∗‖W\I‖∗

)
+
β

4

∥∥∥W −W\I
∥∥∥2
F

≥ α

4

(
‖W‖2F + ‖W\I‖2F − 2‖W‖∗‖W\I‖∗

)
+
β

4

∥∥∥W −W\I
∥∥∥2
F

≥ α

4

(
‖W‖2F + ‖W\I‖2F − 2tr(WTW\I)

)
+
β

4

∥∥∥W −W\I
∥∥∥2
F

=
α+ β

4

∥∥∥W −W\I
∥∥∥2
F

where the first inequality holds due to the triangle inequality property of the trace norm, the second inequality holds since
‖W‖∗ ≥ ‖W‖F for any matrix W, and the last inequality holds due to the Von Neumanns trace inequality. Combining the
preceding two inequalities yields ∥∥∥W −W\I

∥∥∥
F
≤ 2σκ

√
m

(α+ β)n0
.

Similar to the derivation in Eq. (17), we can easily get∣∣∣∣∣
m∑
i=1

(l(AS , zi)− l(AS\I , zi))

∣∣∣∣∣ ≤ κσ√m‖W\I −W‖F ≤
2κ2σ2m

(α+ β)n0
,

in which we reach the conclusion. �

The Proof of Theorem 8
Proof. Since W? is the optimal solution of problem (11), we have

α+ β

2
‖W?‖2F ≤

α

2
‖W?‖2∗ +

β

2
‖W?‖2F

≤ 1

n0

m∑
i=1

n0∑
j=1

c((w?
i )
Txij , y

i
j) +

α

2
‖W?‖2∗ +

β

2
‖W?‖2F

≤ 1

n0

m∑
i=1

n0∑
j=1

c(0, yij)

≤mη,

where the first inequality holds since ‖W?‖F ≤ ‖W?‖∗, the second inequality holds due to the nonnegative cost function, the
third inequality holds since W? is the minimizer of problem (10), and the last inequality holds due to the first property of the

cost function c(·, ·). Then we can get ‖W?‖F ≤
√

2mη
α+β , implying that ‖w?

i ‖2 ≤
√

2mη
α+β for i = 1, . . . ,m. Then we can bound

c((w?
i )
Tx, y) as

c((w?
i )
Tx, y) ≤ |c((w?

i )
Tx, y)− c(0, y)|+ c(0, y)

≤ σ|(w?
i )
Tx|+ η

≤ σ‖w?
i ‖2‖x‖2 + η

≤ σκ

√
2mη

α+ β
+ η,

where the first inequality holds due to one fact that |a+b| ≤ |a|+ |b| for any scalars a and b, and the second inequality holds due
to the properties of the cost function, the third inequality holds due to the Cauchy-Schwarz inequality, and the last inequality
holds due to the boundedness of ‖w?

i ‖2 and ‖x‖2. Finally we reach the conclusion. �



The Proof of Theorem 9
Proof. We define Θ and the regularization function g(Θ) as Θ = (L,S) and g(Θ) = α‖L‖∗ + β‖S‖1 + γ

2 ‖L + S‖2F . By
denoting by Θ and Θ\I the minimizers of Rr(·) and R\Ir (·) respectively as defined in Eqs. (18) and (19), we have

g(Θ) + g(Θ\I)− 2g

(
1

2
(Θ + Θ\I)

)
≤ σκ

√
m

2n0

∥∥∥Θ−Θ\I
∥∥∥
F
,

which holds due to Lemma 2 by setting t to be 1/2. Moreover, we have

g(Θ) + g(Θ\I)− 2g

(
1

2
(Θ + Θ\I)

)
= α

(
‖L‖∗ + ‖L\I‖∗ − ‖L + L\I‖∗

)
+ β

(
‖S‖1 + ‖S\I‖1 − ‖S + S\I‖1

)
+
γ

4
‖Θ−Θ\I‖2F

≥ γ

4
‖Θ−Θ\I‖2F ,

where the inequality holds due to the triangle inequality property of the trace norm. Combining the preceding two inequalities
yields ∥∥∥Θ−Θ\I

∥∥∥
F
≤ 2σκ

√
m

γn0
.

Similar to the derivation in Eq. (17), we can easily get∣∣∣∣∣
m∑
i=1

(l(AS , zi)− l(AS\I , zi))

∣∣∣∣∣
≤ κσ

√
m‖W\I −W‖F

= κσ
√
m

∥∥∥∥(Θ−Θ\I
)(Im

Im

)∥∥∥∥
F

≤ κσ
√
m‖Θ−Θ\I‖F

∥∥∥∥(Im
Im

)∥∥∥∥
F

≤ 2
√

2κ2σ2m
√
m

γn0
,

where W = L + S, W\I = L\I + S\I , and the second inequality holds due to the Cauchy-Schwarz inequality. Finally we
reach the conclusion. �

The Proof of Theorem 10
Proof. We define W? as W? = L? + S?. Since the pair (L?,S?) is the optimal solution of problem (12), we have

α‖L?‖∗ + β‖S?‖1 +
γ

2

(
‖L?‖2F + ‖S?‖2F

)
≤ 1

n0

m∑
i=1

n0∑
j=1

c((w?
i )
Txij , y

i
j) + α‖L?‖∗ + β‖S?‖1 +

γ

2

(
‖L?‖2F + ‖S?‖2F

)
≤ 1

n0

m∑
i=1

n0∑
j=1

c(0, yij)

≤mη,
where the first inequality holds due to the nonnegative cost function, the second inequality holds since (L?,S?) is the minimizer
of problem (10), and the last inequality holds due to the first property of the cost function c(·, ·). Moreover, since

α‖L?‖∗ + β‖S?‖1 ≥ α‖L?‖F + β‖S?‖1
≥ α‖L?‖F + β‖S?‖F
≥ θ(‖L?‖F + ‖S?‖F )

≥ θ‖L? + S?‖F
= θ‖W?‖F ,



where the first inequality holds since ‖L?‖∗ ≥ ‖L?‖F , the second inequality holds since ‖S?‖1 ≥ ‖S?‖F , and the fourth
inequality holds due to the triangle inequality of the matrix Frobenius norm, and

‖L?‖2F + ‖S?‖2F ≥
1

2
‖L? + S?‖2F =

1

2
‖W?‖2F

then we can get γ4 ‖W
?‖2F+θ‖W?‖F−mη ≤ 0, implying that ‖W?‖F ≤ 2

γ (
√
θ2 +mηγ−θ) and ‖w?

i ‖2 ≤ 2
γ (
√
θ2 +mηγ−

θ) for i = 1, . . . ,m. Then we can bound c((w?
i )
Tx, y) as

c((w?
i )
Tx, y) ≤ |c((w?

i )
Tx, y)− c(0, y)|+ c(0, y)

≤ σ|(w?
i )
Tx|+ η

≤ σ‖w?
i ‖2‖x‖2 + η

≤ 2σκ

γ
(
√
θ2 +mηγ − θ) + η,

where the first inequality holds due to one fact that |a+b| ≤ |a|+ |b| for any scalars a and b, and the second inequality holds due
to the properties of the cost function, the third inequality holds due to the Cauchy-Schwarz inequality, and the last inequality
holds due to the boundedness of ‖w?

i ‖2 and ‖x‖2. Finally we reach the conclusion. �


