Multi-Task Learning and Algorithmic Stability: Supplementary Material

The Proof of Theorem 1

In order to prove Theorem 1, we first introduce the Hoeffding’s lemma.

Lemma 1 Given a random variable X, a < X < b, and E[X]| = 0, then for any s > 0, we have

E fexp{sX}] < exp {“’8‘)} |

Then we can prove Theorem 1.

Proof. We first define X = {Xy,...,X,,}, Xs; = {Xi,..., X}, Zo = E[f(X)], Z; = E[f(X)|X4,...,X;], and Z,, =
f(X). Then let

Uk = Sllllp {E[f (X)) X1ik—g, t1:q] — E[f(X)[X1:k—q]}
Ly = mf {E[f (X) [ X1ik—q: liiq) = ELf(X)[ X1 }

where u = (uy,...,uq)T, 1= (l1,...,1,)T, and k is required to be no smaller than g. Then we have

Uy — Ly
S Su?{E[f(X”Xl:k—qaul:q] - E[f(X”Xl:k—qa ll:q]}

= Sll%f) / |:f(X1:k7q7u1:q7yk+1:n) - f(Xlzquy ll:q7 yk+1:n)i| H p(Xj = yj)dykJrl:n
u, j=k+1

< /Su? [f(Xltk,—{I7u1:q’ yk+1:n) - f(Xl:k—qa ll:qa yk+1:n>] H p(Xj = yj)dyk+1:n
b j=k+1

S/a H (X5 = y;)dyrr1:n

j=k+1
:a7

where the first equality holds due to the independence among all variables, the second inequality holds due to the Jensen’s
inequality, and the last inequality holds due to the bounded differences condition. It is easy to show that Ly, < 7, — Zj,_, < Uy,
Since

E[Zy — Z—q| X1:5—]

=Ex; g B (X)X 1] = E[f (X)X 1:8—g]]
= E[f(X)|X1k—q] - ]E[f(X”Xl:k—q]

—0,

by applying Lemma 1, we can get

s2a?
E lexp{s(Zk — Zk—q) | X1:k—¢] < exp{ S } . (13)



By using Markov’s inequality, we can bound p(f(X) — E[f(X)] > ¢) as
p(f(X) —E[f(X)] > ¢)
< exp{—se}Elexp{s(f(X) — E[f(X)])}]

= exp{— ss}E[eXp{s(Z —Zo)}]
n/q

= exp{—se}E [exp { s Z (Ziq — Z(i—l)q)
i=1
n/q—1

= exp{—se}E |[exp { s Z (Ziq — Z(i—1)q) IE)[exp{Zn — Zp—q}X1n—q

n/q—1
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(i)
=expy—s€+ —s" ¢,
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where the third equality follows due to one property of expectation that E[f (X )g(Y)] = Ex[f(X)Ey[g(Y)|X]] and the second
inequality holds due to the bound shown in Eq. (13). In order to obtain a tight bound, we minimize the last equation with respect
to s and get a critical point at s = 245 . Substituting, we can get

na2"*
na? , 2ge?
eXpq —S€+ ——S" » =expq — ,
8q na?

which completes the proof. ]

The Proof of Theorem 2

Proof. By removing one training data point for each task, we can bound the difference on the generalization error as

IR(A,S) — R(A,8\)|

> (U(As,zi) — Z(AS\I,ZZ-))H

i

< Bz

<7,

where the first inequality holds due to the Jensen’s inequality and the second one follows because of the definition of the
multi-task uniform stability. Then based on the above inequality, we have

[R(A,S) — R(A, 87

< |R(A,S) = R(A,8)| + |R(A, ST) — R(A,SV)|

< 27 (14)
Moreover, we have

| emp(A S) - emp(A SI)l

SiZ|Z AS7 ] ('ASI’Z]) |+7Z|Z Asazl)_l(ASI ZIO)|
]#Io =1 i=1
S ni Z |Z AS7 _] _Z(AS\I7Z] ‘J’_ - Z |Z ASZ7Z_] _l(AS\I7Z]))|
0 j#1y i=1 0 j#1y i=1
1

+o- > U(As, 2k,) — 1(Asgz, 27|
=1

M
<or4 (15)
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where without loss of generality we assume different elements in Z are identical (i.e., Z, = Zy for ¢ = 1,...,m) due to the
symmetry of the algorithm .4, making the derivation simple and clear. Combining the bounds in Egs. (14) and (15), for any Z
we have

|(R(A,8) = Remp(A,S)) — (R(A,S") — Repnp(A, ST))|
<|R(A,S) — R(A,8%)| + |Remp(A, 8) = Remp(A, 87|

mM
<47+ —.
no

Thus the random variable R(A, S) — Remp(A, S) satisfies the conditions of the generalized McDiarmid’s inequality presented

2e2
p(R(.A, S) = Remp(A,S) — Es[R(A,S) — Remp(A, S)] = 5) < exp {_W}

2n0€
= e&Xx B
P (4noT + mM)?
or equivalently

P(RA,S) = Remp(A, S) < Es[R(A,S) — Remp(A,5)] +¢)
27LQ€2
Then we need to bound Eg[R(A,S) — Remp(A, S)]. Note that

Es[Remp(A, S)] Z ZES AS’ J

=1

where the last second equality holds by renaming z§- as Z; and the last one follows by renaming 2; as z;. Then we can bound
Es[R(A,S) — Remp(A,S)] as
IES [R(A7 8) - Remp (-A7 S)]

B | (1(As, ) - l(ASI,Zi)>]

i=1

zm:(l(As,i)—l (Agz, %) H

< Es (2.

<Esay || (UAs,2:) — UAs1=,2) ‘ +Es (5,) [ > (M Az, 20) — 1 Asiz,20)) H
Lli=1 1=1
< 2,
where Z; ~ D, for i = 1,..., m and the last inequality holds due to the definition of the multi-task uniform stability. Due to

the above inequality, we have

p(R(A, 8) = Remp(A,S) < 27 + 5)
> p(R(A, S) = Remp(A,S) < E[R(A,S) — Remp(A,S)] + a)
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where the second inequality holds due to Eq. (16). Then by setting exp {—m

} to d, we can reach the conclusion. (J

The Proof of Eq. (6)

emp,i
A;’s are independent, we have p((, A;) = [~ p(A;) = (1 — p)™. Since it is well-known that (1 — p)m > 1— mp and
(1 —p)™ ~ 1 — mp when p is very small, we have p(); A;) > 1 — mp. Since (), A; implies RST < RST +23" 7 +

(4ng >0 i+ mM)y/* S/p) then we have

Proof. We denote an event BT < RST .+ 27, + (dnom; + M)\/% by A;. Then we have p(A;) > 1 — p. Since

m m
In(1
D RST<Rf£p+22n—|—(4n02n+mM) néT{)p) zp(ﬂAi)zl—mp.
— p ,

In order to compare with the multi-task bound in Eq. (3) which holds with probability at least 1 — §, we define 6 = mp and
then reach the conclusion. 0

The Proof of Theorem 3

Proof. We first define the Bregman divergence associated to a function G of g to ¢’ by

da(9,9") = G(9) = G(g') = (9 — ¢',VG(d)),

where \7G(g’) denotes the gradient of G(-). It is easy to show that di (g, ¢’) is nonnegative when G(-) is convex. We define
m 1 n
Ry(W) =Y = e(w/x},y}) + tr(WQ'WT)

1
RYE(W) =" — " e(w/xl,yl) + tr(WQ'WT)

i=1 " jzz,
T
Remp(w) = Z 7”71 C<W X;a y])
i=1 " j=1
m 1
BYE, (W) =37 — 3 c(wl'x}.y)).
i=1 " j#L,

Let W and W7 denote the minimizors of R,.(W) and R)I(W) respectively. Then we have

dr, (W, W) +d 2 (W, W)
=R, (W\) — R(W) + RXE(W) — RE(W\T)

1 o o
=3 (e () ) — e (WP 0)
i=1""

where wi\I is the ith column of W\ and the first equality holds since W and W\Z are the minimizors of R,(W) and

R>I(W) respectively, implying that the gradients are zero. Due to the nonnegativity of the Bregman divergence, we have
dR,,.,,( W\, W) +d oz (W, W\T) > 0. By denoting the regularizor (i.e. tr(W ™ "W7)) in problem (8) by a function
N (W) and using one fact that d 41 (g, 9’) = da(g,9’) + dp(g, g’) for any functions A and B, we can get

1 : o
dn (W, W) + dy (W, W) SZ;(( VX ) = e (Wi k) )



After some calculation, we can get dy (W'\Z, W) = dy (W, W\Z) = tr (W - W\)Q ™ (W — W'\H)T)_ Then we can
simplify the above inequality as

2tr ((W —-wW\hHo L (w - W\I)T)

<3 o (e (i) — e wP ko)

n;
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< > |lw," — willz (definition of
< mingm; 2 ||lw,” — w;||2 (definition of k)
< MHW\I — W||r (Cauchy-Schwarz Inequality), (17
min; n;
where || - |2 denotes the ¢3 norm of a vector and || - || denotes the Frobenius norm of a matrix. Since A;(€2) is the

largest eigenvalue of €2, we can get A\;(Q)L,, = © and Q! b ﬁlm where A > B means A — B is a positive
semidefinite matrix and I,, denotes an m >< m identity matrix. Hence we have tr (W — W\H)Q~'(W — W\)T) >
)\1(19) r(W— W\H)(W - W\N)T ) = )HW W\Z||2.. By plugging this inequality into the Eq. (17), we can get

W — W\ || < M_
2min; n;

Similar to the derivation in Eq. (17), we can easily get

A (Q)K20*m

§j (U(As,2:) — UAg\z, )| < po/m[WE = W|p <

2min; n;
which holds for any z; ~ D; (i = 1,...,m). By setting n; to be ng fori = 1, ..., m, we can complete the proof. (]
The Proof of Theorem 4
Proof. Since W™ is the optimal solution of problem (8), we have
m  ng
tr(W*Q ™! <7ZZ wi)Txh gl + tr(WrQH(WH)T)
i=1 j=1
m no
<3 el0.s)
i=1 j=1

<mn,

where the last inequality holds due to the first property of the cost function c(-,-). Since tr(W*Q '(W*)T) <
3 (Q)tr(W*(W*) ) = ﬁHW*H%, we can get |[W*||p < /A1(Q)mn, which implies ||[w}]2 < 1/A1(Q)mn for
i=1,...,m. Then we can bound c((w})Tx,y) as

((w)Txy) < lel(w))Tx,y) = c(0,9)| + ¢(0,y)
< ol(wi) x|+
< olwill2llxll2 + 17
< ok A (Q)mn 41,

where the first inequality holds due to one fact that |a+b| < |a|+|b| for any scalars a and b, and the second inequality holds due
to the properties of the cost function, the third inequality holds due to the Cauchy-Schwarz inequality, and the last inequality
holds due to the boundedness of ||w||2 and ||x||2. Finally we reach the conclusion. O



The Proof of Theorem 5

For a general regularized multi-task algorithm defined in Eq. (7), we define

1 o
R (W) = n—OZ c(wixi,yb) + g(W) (18)
i=1 j=1
1 & o
RYH(W) = o, SN ew! X yh) + g(W) (19)
i=1 j#£L;
1 m  no
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Then we have the following result.

Lemma 2 Foranyt € [0, 1], we have

g(W,) — g(W, + tAW,) + g(W,7) — (W, — tAW,) <

t
oKky/mMm HW* _w\I

.

no
. L \Z . L \T \Z
where W, is a minimizer of R,.(-), W, is a minimizer of Ry (+), and AW, = W, — W,
Proof. Since the cost function ¢(-, ) is convex, Réﬁ,,() is also convex, implying that
z
Ry (W tAW.) = R, (W) < H(RY,, (W.T) = RYT, (W),
which holds for any ¢ € [0, 1]. Similarly we have
T z T
RY, (W —tAW.) = RY(W.T) < (R, (W) = Ry, (WD),
Summing the two preceding inequalities yields
RYL (W, +tAW,) — R\Z_(W,) + R\L (W," —tAW,) — R\Z, (W,F) < 0. (20)

According to the definitions of W, and W}I, we have
R.(W,) — R.(W, +tAW,) <0
REW.) - RE(W) — tAW,) <0.
Summing the two preceding inequalities and Eq. (20), we can get

g(W,) — g(W, +tAW,) + g(W.F) — g(W,F —tAW,)

1 ~ % 7 7 * i 7
S nio Z(C((WZ )TXIN yL) - C((W’L )TXIi ) yIi))7
i=1

where w7 is the ith column of W, +tAW, and w7 is the ith column of W,. Since ¢(, -) is o-admissible, we have

9(W.) — g(W, + tAW,) + g(W.T) — g(W.F —tAW,) < — 3 ‘(WI —w, )X
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in which we reach the conclusion. ]
Then based on Lemma 2, in the following we can prove Theorem 5.
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Proof of Theorem 5. We define the regularization function g(W) as g(W) = o|W]||. + g||W||% By denoting by W and
W7 the minimizers of R,.(-) and Rq\nl(-) respectively as defined in Egs. (18) and (19), we have

1
o(W) + g(W'T) 29 (LW + WD) < TV [y |
2 2n F
which holds due to Lemma 2 by setting ¢ to be 1/2. Moreover, we have
1
(W) + (W) = 29 (W + WD)
2
= o (IWl + WY~ W+ W) + 2w -
2
> fw-wl,.
4 F
where the inequality holds due to the triangle inequality property of the trace norm. Combining the preceding two inequalities

yields
HW—WWIS&@@~

Bno
Similar to the derivation in Eq. (17), we can easily get
i \Z 2k%202%m
> (U(As,zi) — U Ag\z,2:))| < ko/m||[ W — Wp < e
= 0
in which we reach the conclusion. ]
The Proof of Theorem 6
Proof. Since W™ is the optimal solution of problem (10), we have
m  no
i B
oW + *IIW*IIF <* ZZ wi) x5, y) + o[ WAL + §HW*II%
1=1j5=1
m no
<= =22 <0.)
i=1 j=1

=mi,
where the second inequality holds since W* is the minimizer of problem (10) and the last inequality holds due to the first
property of the cost function c(-, -). Since |W*||,. > HW*HF, we can get o|W*|| g + gHW*H% < mpn, leading to ||[W*||p <

%(\/az + 2mnB — o) which implies that [[w} 2 < 3 L(\/a? +2mnB—a)fori = 1,...,m. Then we can bound c((w})7x,y)

as

d((W)Tx,y) < e((wh)x,y) = c(0,y)] + ¢(0,y)
< ol(w))Tx|+n
< olwillzllxll2 +n
< (/a2 2mmB - )+,

B

where the first inequality holds due to one fact that |a+b| < |a|+ || for any scalars a and b, and the second inequality holds due
to the properties of the cost function, the third inequality holds due to the Cauchy-Schwarz inequality, and the last inequality
holds due to the boundedness of ||w||2 and ||x||2. Finally we reach the conclusion. O

The Proof of Theorem 7
Proof. We define the regularization function g(W) as g(W) = $|W||Z + §||W||fm By denoting by W and W\? the
minimizers of R, (-) and R>I(~) respectively as defined in Eqgs. (18) and (19), we have

mwwmwvwa(;W+WW)<@XWW‘“MM



which holds due to Lemma 2 by setting ¢ to be 1/2. Moreover, we have

g(W) 1 g(W\T) — 29 (1<w i W\I>)

2

= 5 (1w pwe - ||W+W\f||2) 2w
> 2 IWIZ + ITW\Z)2 — W W\Z|[ )2 5WW\I2
> S (IWIR+ WY - AW+ W) + 5w - we|
_ @ 2 \Z)2 _ \z EH _ \zH2

T (W2 + W2 = 2 WL WL ) + W - wh

« I} 2
> 2 (W + W E = 2 WL W) + 5 [w - whE |

@ I} 2
(1w ) o]
> T (W + W — 20(WT WD) + 2w - W

a+ 6

2
= W wV|
i

where the first inequality holds due to the triangle inequality property of the trace norm, the second inequality holds since
W]« > ||[W||F for any matrix W, and the last inequality holds due to the Von Neumanns trace inequality. Combining the
preceding two inequalities yields

[w-we, <
(a+B)ng’
Similar to the derivation in Eq. (17), we can easily get
S (1(As. ) ~ (g z,2))| < o/ W' — W < 220
Z;) — y Zj S ROym - ~ y
2 S5 S\T F @+ B)mo
in which we reach the conclusion. ]
The Proof of Theorem 8
Proof. Since W* is the optimal solution of problem (11), we have
@ + B * * *
W[5 < IIVV I7 + *IIW I
m no ) ) a /8
<o el ) + SIWE + SIWIR
=1 j=1

where the first inequality holds since ||[W*||p < [[W*||., the second inequality holds due to the nonnegative cost function, the
third inequality holds since W* is the minimizer of problem (10), and the last inequality holds due to the first property of the

2mn
a+p’

2m7]

cost function ¢(-, -). Then we can get |[W* ||z < fori =1,...,m. Then we can bound

c((w)Tx,y) as

implying that |[w}]|2 <

o((wWi)Txy) < le((wi)Tx,y) = ¢(0,)| +¢(0,9)
< ol(wi) x| +1
< ol willzllxllz + 7
< ok 2mn 4
< at B )

where the first inequality holds due to one fact that |a+b| < |a|+|b| for any scalars a and b, and the second inequality holds due
to the properties of the cost function, the third inequality holds due to the Cauchy-Schwarz inequality, and the last inequality
holds due to the boundedness of ||w||2 and ||x||2. Finally we reach the conclusion. O



The Proof of Theorem 9
Proof. We define © and the regularization function ¢(©) as © = (L, S) and ¢(®) = a|/L|. + B||S|l: + Z|IL + S[/%. By
denoting by © and ® ‘7 the minimizers of R,.(-) and R>I(-) respectively as defined in Eqs. (18) and (19), we have

1
s0) +9(0') -2 (j(@+0)) < TV o - 07 .
2 2n0 F
which holds due to Lemma 2 by setting ¢ to be 1/2. Moreover, we have
1
90) +9(0'7) -2 (5@ + 0'7))
= a (MLl + I = L+ L)L) + 8 (8] + I8V — 1S + S\
v
+41© -
g

where the inequality holds due to the triangle inequality property of the trace norm. Combining the preceding two inequalities
yields
H@ B G\IH < QO'ISJ\/TT’L.
F Yo
Similar to the derivation in Eq. (17), we can easily get

> (U As, z:) — U(Ag\z,2,))

i=1

m ‘

< kovVm|WVY — W||p
I
= Ko mH ®-0Vv (m>
vin|(e-e7) ()]
I,
< koym||® — e\ (I )
m 2
< 2\/5/%20'2771\/771
— "Yno b

where W = L + S, W\ = L\ + S\Z, and the second inequality holds due to the Cauchy-Schwarz inequality. Finally we
reach the conclusion. O

The Proof of Theorem 10
Proof. We define W* as W* = L* + S*. Since the pair (L*, S*) is the optimal solution of problem (12), we have

5
oLl + BIS* I + 5 (517 + I1S*117)

1 ;o gl x
<=3 el(w) x5k + | L*||. + BIIS* | + 5 (I 1% + IS*11%)

where the first inequality holds due to the nonnegative cost function, the second inequality holds since (L*, S*) is the minimizer
of problem (10), and the last inequality holds due to the first property of the cost function c(-, -). Moreover, since

al L[|, + B[Sl o[ L*|[F + B[S 1
ol L F + BIIS*||
O(IL* [ 7 + I8 r)
O|IL” + 8™
OIW*|r,
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where the first inequality holds since |L*||. > ||L*||r, the second inequality holds since ||S*||; > ||S*||r, and the fourth
inequality holds due to the triangle inequality of the matrix Frobenius norm, and

. 1 1
A% + I8*]1% > I+ S*|I% = §HW*H%

then we can get J||W*||%,+0||W*|| p—mn < 0, implying that [W* || < %(\/92 + mny—~0) and |w}|2 < %(\/92 + mny—
0) fori = 1,...,m. Then we can bound c((w})Tx,y) as

(W) xy) < le((wi)Tx,y) = ¢(0,)| +¢(0,9)
< ol(wi) x| +n
< ofwillzllxlla + 7
<

2
%ﬂ(\/92+mm—9) +1,

where the first inequality holds due to one fact that |a+b| < |a|+ |b| for any scalars @ and b, and the second inequality holds due
to the properties of the cost function, the third inequality holds due to the Cauchy-Schwarz inequality, and the last inequality
holds due to the boundedness of ||w||2 and ||x||2. Finally we reach the conclusion. O



