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ABSTRACT

For many real-world machine learning applications, labeled data is costly because the data
labeling process is laborious and time consuming. As a consequence, only limited labeled data
is available for model training, leading to the so-called labeled data deficiency problem. In
the machine learning research community, several directions have been pursued to address this
problem. Among these efforts, a promising direction is multi-task learning which is a learning
paradigm that seeks to boost the generalization performance of a model on a learning task
with the help of some other related tasks. This learning paradigm has been inspired by human
learning activities in that people often apply the knowledge gained from previous learning tasks
to help learn a new task more efficiently and effectively. Of the several approaches proposed in
previous research for multi-task learning, a relatively less studied yet very promising approach
is based on automatically learning the relationships among tasks from data.

In this thesis, we first propose a powerful probabilistic framework for multi-task learning
based on the task relationship learning approach. The main novelty of our framework lies in the
use of a matrix variate prior with parameters that model task relationships. Based on this general
multi-task learning framework, we then propose four specific methods, namely, multi-task re-
lationship learning (MTRL), multi-task generalized t process (MTGTP), multi-task high-order
task relationship learning (MTHOL), and probabilistic multi-task feature selection (PMTES).
By utilizing a matrix variate normal distribution as a prior on the model parameters of all tasks,
MTRL can be formulated efficiently as a convex optimization problem. On the other hand,

MTGTP is a Bayesian method that models the task covariance matrix as a random matrix with

xii



an inverse-Wishart prior and integrates it out to achieve Bayesian model averaging to improve
the generalization performance. With MTRL as a base, MTHOL provides a generalization
that learns high-order task relationships and model parameters. Unlike MTRL, MTGTP and
MTHOL which are for standard multi-task classification or regression problems, PMTFS ad-
dresses the feature selection problem under the multi-task setting by incorporating the learning
of task relationships. Besides conducting experimental validation of the proposed methods on
several data sets for multi-task learning, we also investigate in detail a collaborative filtering
application under the multi-task setting. Through both theoretical and empirical studies on the
several methods proposed, we show that task relationship learning is a very promising approach

for multi-task learning and related learning problems.
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CHAPTER 1

INTRODUCTION

In many real-world applications, the cost of acquiring labeled data is very high since it may
require the effort of domain experts and is time consuming. Therefore in many applications the
use of labeled data is limited and this is called the ‘labeled data deficiency problem’. In the
machine learning research community, many efforts have been devoted to alleviating this prob-
lem by developing methods that do not rely heavily on labeled data. For example, even though
labeled data is limited, an abundant supply of unlabeled data is available at very low cost, for
instance, on the Internet, there exist enormous unlabeled web pages and images. Two learning
frameworks, active learning (Cohn et al., 1994, 1996) and semi-supervised learning (Chapelle
et al., 2006), have been developed to utilize the information from the unlabeled data to reduce
the dependency on labeled data. Even though these two frameworks can utilize unlabeled data,
the ways they utilize it are totally different. Semi-supervised learning usually utilizes the ge-
ometric information contained in the unlabeled data to help improve the performance of some
classification or regression tasks. The whole process is automatic and requires little human
effort. On the other hand, unlike many conventional machine learning methods which wait
passively for labeled data to be provided in order to start the learning process, active learning
takes a more active approach by selecting unlabeled data points to query some oracle or domain

expert.

Besides utilizing unlabeled data, there is another way to improve the performance when the
labeled data is scarce, for example, using the labeled information in other related tasks. This is
called multi-task learning (Caruana, 1997; Baxter, 1997; Thrun, 1995) which seeks to improve
the performance of one learning task with the help of some other related tasks. The origins
of multi-task learning date back to studies in psychology and cognitive science, and multi-task
learning could be viewed as a way to mimic the human learning ability where people often learn

a new task by re-using the knowledge gained from previous learning tasks.

In the following, we first introduce some basic concepts about multi-task learning. Then, we
present our motivation and summarize the main contributions of this thesis. Finally, we outline

the organization of the whole thesis.

1.1 Multi-Task Learning

Multi-task learning (Caruana, 1997; Baxter, 1997; Thrun, 1995) is a learning paradigm which

seeks to improve the generalization performance of a learning task with the help of some other

1



related tasks. This learning paradigm has been inspired by human learning activities in that
people often apply knowledge gained from previous learning tasks to help learn a new task. For
example, a baby first learns to recognize human faces and later uses this knowledge to help it
learn to recognize other objects. By learning tasks simultaneously, and meanwhile exploiting
their intrinsic relatedness, informative domain knowledge is shared across the tasks and thus
facilitates individual task learning. It is particularly desirable to share such knowledge across
tasks when there are a number of related tasks but only limited training data available for each

one.

Multi-task learning can be formulated under two different settings: symmetric and asymmet-
ric (Xue et al., 2007). While symmetric multi-task learning seeks to improve the performance
of all tasks simultaneously, the objective of asymmetric multi-task learning is to improve the
performance of some target task using information from the source tasks, typically after the
source tasks have been learned using some symmetric multi-task learning method. In this sense,
asymmetric multi-task learning is related to transfer learning (Pan & Yang, 2010), but the ma-
jor difference is that the source tasks are still learned simultaneously in asymmetric multi-task

learning but they are learned independently in transfer learning.

1.2 Motivation

Since multi-task learning seeks to improve the performance of a task with the help of other
related tasks, a central issue is to characterize the relationships between tasks accurately. Given
the training data in multiple tasks, there are two important aspects that distinguish between
different methods for characterizing the task relationships. The first aspect is on what task rela-
tionships can be represented by a method. Generally speaking there are three types of pairwise
task relationships: positive task correlation, negative task correlation, and task unrelatedness
(corresponding to outlier tasks). Positive task correlation is very useful for characterizing task
relationships since similar tasks are likely to have similar model parameters. For negative task
correlation, since the model parameters of two tasks with negative correlation are more likely
to be dissimilar, knowing that two tasks are negatively correlated can help to reduce the search
space of the model parameters. As for task unrelatedness, identifying outlier tasks can prevent
them from impairing the performance of other tasks since outlier tasks are unrelated to other
tasks. The second aspect is on how to obtain the relationships, either from the model assump-
tion or automatically learned from data. Obviously, learning the task relationships from data
automatically is the more favorable option because the model assumption adopted may be in-
correct and, even worse, it is not easy to verify the correctness of the assumption from data.
So a powerful multi-task learning method could learn the three task relationships from data

automatically.



A powerful multi-task learning method based on the Gaussian process (GP) (Bonilla et al.,
2007) provides an approach to model and learn task relationships in the form of a task covari-
ance matrix. A task covariance matrix can model all three types of task relationships: posi-
tive task correlation, negative task correlation, and task unrelatedness. However, although this
method provides a powerful way to model task relationships, learning about the task covari-
ance matrix gives rise to a non-convex optimization problem which is sensitive to parameter
initialization. When the number of tasks is large, the authors propose using low-rank approxi-
mation (Bonilla et al., 2007) which will then weaken the expressive power of the task covariance
matrix. Moreover, since the method is based on the Gaussian process (Rasmussen & Williams,

2006), scaling it to large data sets poses a serious computational challenge.

Some limitations in (Bonilla et al., 2007) have motivated us to develop some new methods
which can overcome them to some extent. Moreover, since multi-task feature selection can find
common features for different tasks which is appealing for some applications such as bioinfor-
matics, we hope to extend the idea of learning task relationships to multi-task feature selection.
We also hope to find some real-world applications for multi-task learning in some areas, such

as information retrieval.

1.3 Main Contributions

In this thesis, we propose a simple probabilistic framework to learn task relationship in multi-

task learning:

y; ~ p(r(@i,xé)), fori=1,...,m, 7=1,...,n; (1.1)
0 ~ ¢6;I), (1.2)

where x§ is the jth data point in the sth task with its output y}, m is the number of learning
tasks, n; is the number of data points in the ith task, 8; is the model parameter of the ith task, ©
is the union of @, for7 = 1,...,m, and ¢(®;I") defines some matrix variate distribution (Gupta
& Nagar, 2000) for © parameterized by I'. I" measures the task relationships in some form such
as covariance matrix. Eq. (1.2) defines the prior for ® and Eq. (1.1) describes the likelihood on

By utilizing this probabilistic framework, we developed some new multi-task learning meth-

ods which are introduced in the following:

e Multi-task relationship learning (MTRL): We propose a probabilistic approach to learn-
ing the relationships between tasks in multi-task learning. This approach can be viewed as
a novel generalization of the probabilistic formulation for single-task learning. Besides
modeling positive task correlation, our approach, called multi-task relationship learn-
ing (MTRL), can also describe negative task correlation and identify outlier tasks based

3



on the same underlying principle. By utilizing a matrix variate normal distribution as
a prior on the model parameters of all tasks, we can obtain a concrete method with a
convex objective function. For efficiency, we use an alternating method to learn the opti-
mal model parameters for each task as well as the relationships between tasks. We study
MTRL in the symmetric multi-task learning setting and then generalize it to the asym-
metric setting as well. We also discuss some variants of the probabilistic approach to
demonstrate the use of other matrix variate priors for learning task relationships. More-
over, to gain more insight into our model, we also study the relationships between MTRL
and some existing multi-task learning methods. Experiments conducted on a toy problem
as well as several benchmark data sets demonstrate the effectiveness of MTRL as well as

its high interpretability revealed by the task covariance matrix.

e Multi-task generalized ¢ process (MTGTP): Since learning the task covariance matrix di-
rectly in (Bonilla et al., 2007) has both computational and representational drawbacks,
here we propose a Bayesian extension by modeling the task covariance matrix as a ran-
dom matrix with an inverse-Wishart prior and integrating it out to achieve Bayesian model
averaging. To make the computation feasible, we first give an alternative weight-space
view of the multi-task GP model in (Bonilla et al., 2007) and then integrate out the task
covariance matrix in the model, leading to a multi-task generalized ¢ process. For the like-
lihood, we use a generalized ¢ noise model which, together with the generalized ¢ process
prior, brings about the robustness advantage as well as an analytical form for the marginal
likelihood. In order to specify the inverse-Wishart prior, we use the maximum mean dis-
crepancy (MMD) statistic to estimate the parameter matrix of the inverse-Wishart prior.
Moreover, we investigate some theoretical properties of MTGTP, such as its asymptotic
analysis and learning curve. Comparative experimental studies on two common multi-

task learning applications show very promising results.

e Multi-Task High-Order Task Relationship Learning (MTHOL): Nevertheless, the exist-
ing task relationship learning methods (Bonilla et al., 2007; Zhang & Yeung, 2010a;
Zhang et al., 2010) only model and learn pairwise task relationships. Some relationships
between tasks found in real-world applications may be more complicated than pairwise
relationships can characterize. This motivates us to explore the use of high-order task
relationships for multi-task learning. We analyze the MTRL method and propose an al-
ternative formulation for the model based on a matrix variate probability distribution. The
new formulation allows us to generalize, though in a nontrivial way, the use of pairwise
task relationships to high-order task relationships, leading to a new prior for the model pa-
rameters of different tasks. We then propose a new model which we refer to as Multi-Task
High-Order relationship Learning (MTHOL).

e Probabilistic Multi-Task Feature Selection (PMTFS): Multi-task feature selection aims
4



to find the common useful features for all learning tasks at hand by utilizing [/, » and
l1  norms under the regularization framework. However, an underlying assumption of
multi-task feature selection is that all tasks are similar and share the same features. This
assumption may not be correct in practice because outlier tasks may exist (that is, tasks
that are not related to all other tasks) or tasks with negative correlation (that is, tasks
that are negatively correlated with some other tasks). Motivated by this observation, we
study the problem of learning the task relationships in the context of multi-task feature
selection. Instead of choosing between specific choices such as the /; » and [; o, norms,
we consider a family of /; ;, norms for multi-task feature selection where 1 < ¢ < oo.
Using the [; , norm, we formulate the general multi-task feature selection problem and
give it a probabilistic interpretation. Based on this probabilistic interpretation, we have
developed a probabilistic formulation using a noninformative prior called the Jeffreys
prior (Gelman et al., 2003), and devised an expectation-maximization (EM) algorithm
to learn all model parameters, including ¢, automatically. Moreover, we propose to use a
matrix variate generalized normal prior for the model parameters to learn the relationships

between tasks.

Multi-Domain Collaborative Filtering (MCF): Collaborative filtering (CF) is an effective
recommendation approach based on the intuitive idea that the preference of a user can be
predicted by exploiting the information about other users which share similar interests.
In particular, CF techniques exploit users past activities, such as transaction histories or
expressed product satisfaction ratings, to predict their future activities. Even though CF
methods have achieved great successes in recommendation applications, some problems
which limit their performance still exist. A big challenge and our focus here is the data
sparsity problem (Su & Khoshgoftaar, 2009) which means that the rating matrix is ex-
tremely sparse. In particular, we consider a multi-domain CF (MCF) problem which
jointly models a collection of rating prediction tasks arising from multiple domains. For
example, different product or service categories such as books and electronics naturally
constitute different domains. This is a multi-task learning problem where each task corre-
sponds to a CF problem on a single domain. By exploiting the correlation between rating
prediction problems in different domains, we can transfer the shared knowledge among
similar domains to alleviate the data sparsity problem and therefore improve the rating
prediction performance in all domains. Specifically, we propose a probabilistic model
which uses probabilistic matrix factorization (PMF) (Salakhutdinov & Mnih, 2007) for
the rating prediction problem in each domain and allows that knowledge to be adaptively
transferred across different domains by automatically learning the correlation between
them. We also introduce the link function for different domains to correct their biases.
Experiments conducted on several real-world applications demonstrate the effectiveness

of our method.



1.4 Thesis Outline

The rest of this thesis is organized as follows:

Chapter 2 introduces some background knowledge, including a brief literature review of

multi-task learning and matrix variate distributions (Gupta & Nagar, 2000).

Chapter 3 gives details of the multi-task relationship learning (MTRL) model, including its

model formulation, parameter learning and experimental results on some applications.

Chapter 4 presents the multi-task generalized ¢ process (MTGTP) model and discusses its

model formulation and parameter learning.

Then in Chapter 5 the multi-task high-order task relationship learning (MTHOL) model in

which the model formulation as well as the parameter learning problem is discussed.

Chapter 6 focusses on the probabilistic multi-task feature selection (PMTFS) model by dis-

cussing the model formulation and parameter learning problem.

Chapter 7 then presents an application of multi-task learning on collaborative filtering,

which is multi-domain collaborative filtering (MCF) problem.

Chapter 8 concludes the thesis and proposes several potential directions for future pursuit.

1.5 Notations

Some commonly used notations in this thesis are listed in Table 1.1.



Table 1.1: Notations

Notation Physical Meaning

R real space

R4 d-dimensional Euclidean space

M € R™™ | matrix of size m x n denoted by a boldface uppercase letter
z € R n-dimensional (column) vector denoted by a boldface lowercase letter
a real scalar denoted by an italic lowercase letter
M7T transpose of a matrix M

M-! inverse of a square matrix M

0 zero vector or matrix with appropriate size

04 d x 1 zero vector

0.xb a X b zero matrix

1 vector or matrix of all 1’s with appropriate size
1, d x 1 vector of all 1’s

| o a X b matrix of all 1’s

| identity matrix with appropriate size

I, identity matrix of size n X n

tr(M) trace of a square matrix M

M>0 M is a positive semidefinite (PSD) matrix
M>0 M is a positive definite (PD) matrix
A-(>B|A-B> ()0

IEAIR l; norm of a vector z

|z||2 l2 norm of a vector z

|1Z|| oo l~ norm of a vector z

|M|| ¢ Frobenius norm of a matrix M

N() univariate or multivariate normal distributions
MN(+) matrix variate normal distribution

A®B Kronecker product of A and B

diag(z) convert a vector z into a diagonal matrix

|M]| determinant of a matrix M

|al absolute value of a real scalar a

() Gamma function

() multivariate Gamma function




CHAPTER 2

BACKGROUND

In this chapter, we briefly introduce some background knowledge related to the whole thesis,

including a brief survey of multi-task learning and matrix variate distributions (Gupta & Nagar,
2000).

2.1 A Brief Survey of Multi-Task Learning

The aim of multi-task learning is to improve the performance of each task with the help of other
related tasks. One important issue is to find a way to share information across different tasks,
for example, sharing via data representation or model representation. According to different
modes of information sharing, we can divide all existing multi-task learning methods into sev-
eral categories which are discussed in detail in the following section. Besides different models
for multi-task learning, there are some theoretical studies to analyze some problems in multi-
task learning, for example, sample complexity. Moreover, multi-task learning has applications
in different areas, for example, computer vision (Heisele et al., 2001; Lapedriza et al., 2008;
Quattoni et al., 2008; Ahmed et al., 2008; Kienzle & Chellapilla, 2006; Torralba et al., 2004;
An et al., 2008; Zhang & Yeung, 2010c), information retrieval (Yu et al., 2004; Yu & Tresp,
2005; Cao et al., 2010; Zhang et al., 2010b; Raina et al., 2006), bioinformatics (Bickel et al.,
2008; Xu et al., 2010; Liu et al., 2010; Zhang et al., 2010a; Puniyani et al., 2010; Lee et al.,
2010) and finance (Ghosn & Bengio, 1996).

In the following, we briefly review some representative multi-task learning models, theoret-

ical results and applications.

2.1.1 Models

In this section, we review some existing methods for multi-task learning, which can be classi-
fied into five categories: common representation approach, task regularization approach, task

clustering approach, hierarchical Bayesian approach and task relationship learning approach.

Common Representation Approach

The “representation” here mostly refers to data representation. Neural networks are the earliest

studied models in this category. Note that a multi-task neural network is just a conventional
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multilayer feed-forward neural network that captures the commonality of the tasks. In a multi-
task neural network, the hidden layer corresponds to common data representation after some
linear or nonlinear transformation. Similar to conventional neural networks, the back propaga-
tion (BP) algorithm can be used to learn the model parameters. Note that this method not only
solves the multi-output problems but also the general multi-task learning problems. Following
this strategy, Liao and Carin (2005) extend the radial basis function networks for multi-task
learning. In this work, the hidden layer is also treated as a common representation for each
task. Since a radial basis function network has an analytical solution, it can use the data from
multiple tasks to determine the form of the RBF function in the hidden layer via active learn-
ing. Different from multi-task neural networks, Silver et al. (2008) propose a context-sensitive
neural network method for multi-task learning, in which each data point is first expanded with
a task indicator vector and the expanded data is trained by a conventional neural network with a
single output node. Surprisingly, the performance of context-sensitive neural networks is better
than that of multi-task neural networks. However, the same strategy does not work for decision

tree and support vector machine (SVM) models.

Argyriou et al. (Argyriou et al., 2006, 2008a) propose a multi-task feature learning method

to learn the common representation for multi-task learning under a regularization framework:

ko ng
EUA) =) I(yh,al U +4]|Al3, 2.1)

i=1 j=1
where [(-, ) denotes the loss function, U is the common transformation to find the common rep-
resentation, a; is the model parameters for task 7; after the transformation, A = (ay, ..., a),
A7 denotes jth row of A, and [[Al[z; = > [|A7||, denotes the [, » norm of a matrix A. The
[1 2 norm in regularization function will lead to row sparsity where all the elements in one whole
rows of A are zero, which has the effect of feature selection on UTX§~, due to the sparsity prop-
erty of /; norm. An alternating optimization method is used to learn the model parameters. This
alternating optimization method can be seen as a two-step learning method: in the first step, it
learns each task individually and the second step learns the common representation for all tasks.

Argyriou et al. (2007) extend this method to a more general formulation.

The common representation in multi-task neural networks and multi-task feature learning
is derived from some transformation on the original data representation. Different from them,
Obozinski et al. (2006) propose a feature selection method for multi-task learning, whose for-
mulation is similar to Eq. (2.1) but without learning the transformation matrix U. This can be
viewed as a multi-task extension of LASSO (Tibshirani, 1996). Similar to (Obozinski et al.,
2006), some probabilistic multi-task feature selection methods in (Xiong et al., 2007; Bi et al.,
2008) are proposed for multi-task learning. These two works first learn a common representa-
tion for all tasks by using an /;-norm based feature selection method and then learn the model

parameters for each task independently. These methods can be seen as a probabilistic model of
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(Obozinski et al., 2006) from the perspective of hierarchical Bayesian modeling. Jebara (2004)
extends the maximum entropy discrimination (MED) (Jaakkola et al., 1999) method to multi-
task settings. In (Jebara, 2004), feature selection and kernel selection problems are discussed
under the framework of MED for multi-task learning, where the feature representation and the

combination coefficients for the kernels are shared by all tasks.

Task Regularization Approach

The task regularization approach includes the multi-task learning methods formulated under the
regularization framework, whose objective function usually comprises two terms: an empirical
loss on the training data of each task and a regularization term to encode the relationships

between the tasks.

Evgeniou and Pontil (2004) propose a multi-task extension of the SVM model, which min-

imizes the following objective function

k
¢({wi}) ZZzyj,wx+AIZ||W%|12+AQZ||W1 ijug. 2.2)
j:l

i=1 j=1

The first term of Eq. (2.2) denotes the empirical loss on the training data and second one is to
penalize the complexity of the model parameters in each task, which are the same as those of
single-task SVMs. Moreover, the third term is designed to penalize large deviation between
each parameter vector of each task and the mean parameter vector of all tasks, which enforces
the parameter vectors in all tasks to be similar to each other. Evgeniou and Pontil (2004) also
show that its dual formulation is identical to that of conventional SVMs with the only modifi-
cation on the definition of the kernel function used. Moreover, Parameswaran and Weinberger
(2010) also propose a large-margin multi-task metric learning method by utilizing the same

idea.

In (Evgeniou et al., 2005), they extend their own work in (Evgeniou & Pontil, 2004) and
propose a multi-task kernel, by which the formulations of the multi-task kernel methods can be
reduced to those of the single-task kernel methods. Moreover, this work extends the regularized
method proposed in (Evgeniou & Pontil, 2004) and proposes two more regularized methods for

multi-task learning with the objective functions as

E({wi}) Zzl y],w X +ZZ MW — w5 + AW 13), (2.3)

i=1 j=1 Jj=11ieC;j

where C; denotes the set of tasks belonging to the jth task cluster, k is the number of clusters

and w; denotes the mean of the model parameters of all tasks in the jth cluster, and

E({w;}) ZZly],Wx +>\ZZAUHWZ w3, (2.4)

=1 j5=1 =1 j=1
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where A;; denotes the relatedness between task 7; and 7. The regularization term in Eq. (2.3)
enforces that the model parameters of the tasks belonging to the same cluster to be similar when
given the cluster structure {C;}. However, how to determinate the cluster structure is still a
problem. Moreover, when we are given the relatedness between different tasks, we can construct
a similarity graph and use the Laplacian matrix as a regularization term just as Eq. (2.4) does.
However, it is not easy to obtain the information about the task relatedness in most real-world

applications.

Similar to (Evgeniou et al., 2005), Kato et al. (2007) propose a multi-task learning method
to utilize an unweighted task network to encode the relatedness between tasks. The formulation

can be written as

kE  n; k
min  E({wi}) =D Y 1y wix) + M Y [[will3 + Aap
=1

i=1 j=1
st. ||lwiy, —w;,||5 < pfor T;, and T}, are related,
which means the difference between the parameter vectors of any two related tasks is small.

Moreover, in (Ando & Zhang, 2005), the model parameters of different tasks are assumed
to share a common subspace. Since the original optimization problem is non-convex, Chen
et al. (2009) formulate it as a convex problem by changing the loss function and making some
relaxation on the original formulation. Moreover, the works in (Chen et al., 2010; Jalali et al.,
2010) extend this method by assuming that the shared subspace has some special structure, that

is, sparsity.

Task Clustering Approach

The method in (Thrun & O’Sullivan, 1996) is a first task clustering method for multi-task learn-
ing. The main idea is to cluster all tasks into several clusters, where the tasks in one task cluster
are assumed to share a similar data or model representation. The base learner in (Thrun &
O’Sullivan, 1996) is a weighted k-Nearest-Neighbor (kNN) classifier, in which each feature is
given a weight for computing the distance metric. This method first learns the distance metric
for each task independently. The relatedness between two tasks is defined as the generalization
performance of one task by using the other task’s distance metric in the kNN classifier and then
by using the task relatedness, all tasks are divided into several clusters, and finally the data
points in the tasks corresponding to one task cluster are pooled together to learn an optimal

distance metric for the kNN classifier.

Different from (Thrun & O’Sullivan, 1996), Bakker and Heskes (2003) propose a Bayesian
multi-task neural network, whose structure is similar to that of a conventional multi-task neural
network with the input-to-hidden-layer weights shared by all tasks. Different from the multi-

task neural network, the hidden-layer-to-output-layer weights A, for each task are different
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from each other but have a common prior. So this model is a Bayesian model and BP algorithm
is no longer suitable for parameter learning. Instead the maximal likelihood estimation (MLE)

method is used to learn the parameters. A widely used common prior for A; is a Gaussian prior:
A;~Nm,X)fori=1,... k.

This prior has the effect of clustering all tasks into one cluster. This can be easily generalized

to multiple clusters by using a mixture of Gaussians prior as
k
Ai~ Y N (m;, %))
j=1

where k£ is the number of components to be set by the users and g; is the mixing proportion
with 2521 g; = 1. Another generalization of this model is to use a task gating model in which
the mixing proportions are task-dependent. Here any two tasks in one task cluster can have

different model parameters but this is not the case in (Thrun & O’Sullivan, 1996).

The above discussed task clustering methods require that the number of clusters should be
given as a priori, which is not easy to obtain for many real-world applications. To solve this
problem, Xue et al. (2007) propose a multi-task learning method, which utilizes a nonparamet-
ric Bayesian model, Dirichlet Process (DP), as a basic mechanism to cluster all tasks without
knowing the number of clusters in advance. For each task, the authors use the logit model to
model the data likelihood as

p(y;]x;,wi) = cr(y;w;-ij-).

Then they add a DP prior on all w;’s as
W; ~ DP(OL(], GO)

where o denotes the concentration parameter and G, denotes the base measure. An equivalent

formulation is as follows

k
p(wi|w_;, ap, Go) = ﬁ@o + m Z }5W]., (2.5)
J=Llj#i
where w_; denotes the set of all w;’s excluding w; and Jy,; a distribution concentrated at the
single point w;. Eq. (2.5) is also called Chinese Restaurant Processes (CRP). Eq. (2.5) can be
described as a clustering process: given w_;, the ith task can choose to belong to one existing
cluster, corresponding to the first term in the right hand of Eq. (2.5), or open a new cluster,
corresponding to the second term. A variational Bayesian method (Bishop, 2006) is used to

make inference.

Moreover, some regularized methods are proposed for the task clustering approach. For

example, Jacob et al. (2008) propose a regularized method by defining a regularization term
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inspired by the k-means clustering algorithm to learn the cluster structure. Similar to (Thrun
& O’Sullivan, 1996; Bakker & Heskes, 2003), a limitation of this method is that the number
of clusters should be given as a priori. Moreover, Argyriou et al. (2008b) extend the multi-task
feature learning method to learn the cluster structure, in which the tasks in the same task cluster

share the same representation.

Hierarchical Bayesian Approach

Hierarchical Bayesian models are well studied by the statistics research community and widely
used in many applications. Heskes (1998) proposes a Bayesian multi-task neural network
method for multi-task learning, in which the hidden-to-output weights for each task have a
prior with the parameters shared by all tasks. This model is similar to that in (Bakker & Heskes,
2003). In (Heskes, 1998), an empirical Bayesian method is used to learn the parameters in this
model. Heskes (2000) extends this method by assuming that the hidden-to-output weights for
each task have a prior with a common covariance matrix shared by all tasks but different mean

vectors for different tasks.

The method in (Minka & Picard, 1997) first utilizes GP for multi-task learning. Then
Lawrence and Platt (2004) generalize the informative vector machine (IVM) in (Lawrence et al.,
2002), a sparse extension of GP, to multi-task learning, where the kernel parameters are shared
by all tasks. Thus, the formulation in multi-task IVM is similar to that of single-task IVM with
the difference being that the covariance matrix in multi-task IVM is a block matrix, of which

each block submatrix corresponds to the covariance matrix for one task.

Yu et al. (2005) propose a hierarchical Bayesian model for multi-task regression, which uti-
lizes a GP for each task. The mean vector and the covariance matrix in the GP priors share a
common conjugate prior. For parameter learning, an EM algorithm is used to learn the mean
vector and covariance matrix. Since the learned mean vector and covariance matrix do not have
a parametric form, it needs an approximate estimation of the kernel function when making pre-
dictions. Since the GP prior is not robust to the outlier tasks, the robust extensions by utilizing
the ¢ Process (TP) are proposed in (Yu et al., 2007; Zhang & Yeung, 2010b). Different from the
above methods, which are mostly based on GP, Zhang et al. (2005) describe a latent variable
model for multi-task learning. For each task 7;, the classifier or regressor is parameterized by

the parameters 6;. Then 6,’s in different tasks are assumed to satisfy a latent variable model as

Bi = ASi +e;
e, ~ N(O, ‘I’)

In this model, the parameters A and W are shared by all tasks. By utilizing different priors on

s;, this model is flexible to describe many situations in multi-task learning, such as independent
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tasks, noisy tasks, clusters of tasks, tasks having sparse representations, duplicated tasks and

evolving tasks.

Task Relationship Learning Approach

In multi-task learning, a central issue is how to characteristic the task relationships between
different tasks. Most existing methods address this problem by making an assumption on the
task relationships, for example, all tasks are similar or share the same data representation, or
utilize some prior knowledge in some specific domains. However, in most cases, the model
assumption is not easy to verify. Moreover, in most applications, prior knowledge about task
relationships does not exist. In these cases, we hope to learn the task relationships from the data
automatically. The task clustering approach can be viewed as one way to learn task relation-
ships. However, the task relationships learned by the task clustering approach are ‘local’ task
relationships since the task clustering approach can cluster the positive correlated tasks into the
same task cluster and identity the outlier tasks, but ignore the negative correlated tasks which
may exist between the tasks in different task clusters. The multi-task GP model proposed in
(Bonilla et al., 2007) is the first method to learn the global task relationships in the form of a

task covariance matrix. In the following, we briefly introduce this method.

The multi-task GP model in (Bonilla et al., 2007) directly models a task covariance matrix

3} and incorporates it into the definition of a GP prior as follows:
(f: f2) = Bk (x5, x7),

where (-, ) denotes the covariance of two random variables, f; is the latent function value for
the jth data point x} in the ith task, ¥, is the (4,7)th element of X, and k(-,-) is a kernel

function. The output 3 given f7 is defined as

yilf; ~ N(f3, 02),

which defines the likelihood for x}. Here y/} is the label for x’ and o; is the noise level of the ith
task. For parameter learning, two methods are presented in (Bonilla et al., 2007) to maximize
the marginal likelihood with one based on the expectation-maximization (EM) (Dempster et al.,
1977) algorithm and another based on a gradient method. The EM algorithm is more suitable
for multi-output regression problems since the latent function value of each data point in each
task is treated as a hidden variable in EM. On the other hand, the gradient method is more suit-
able for general multi-task learning problems. For the marginal likelihood, one advantage of the
formulation in (Bonilla et al., 2007) is its analytical form. This is similar to the GP model and
hence inference can be made efficiently. However, the model does have some drawbacks. One
drawback is that when the number of tasks is large, the low-rank approximation of the task co-

variance matrix used to reduce the computational cost may limit its expressive power. Another
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is that since the log-likelihood is non-convex with respect to 3 or its low-rank approximation,
the solution found by the parameter learning algorithm may be very sensitive to the initial value

of 32 with no guarantee of an optimal solution.

To overcome the drawbacks of multi-task GP and also develop methods to learn the task re-
lationships in other models, we have previously developed some methods, for example, (Zhang
& Yeung, 2010a, 2010b, 2010d; Zhang et al., 2010, 2010b). The multi-task relationship learn-
ing (MTRL) method in (Zhang & Yeung, 2010a) learns the task relationship also in the form
of a task covariance matrix under the regularization framework by utilizing a convex formula-
tion. An application of the MTRL method to transfer metric learning problems is investigated
in (Zhang & Yeung, 2010d). Different from the MTRL method which is a non-Bayesian model,
the multi-task generalized ¢ process in (Zhang & Yeung, 2010b) learns a nonparametric task
covariance matrix in a Bayesian model, for example, the generalized ¢ process. Moreover, in an
ongoing project, we study the learning of the high-order task relationships in multi-task learn-
ing which is beyond the pairwise task relationships in the existing methods. In the scenario
of multi-task feature selection, the probabilistic multi-task feature selection method in (Zhang
et al., 2010) discusses how to learn task relationships for multi-task feature selection which is
an problem untouched in previous studies. Moreover, the multi-domain collaborative filtering
method in (Zhang et al., 2010b) investigates how to learn the relations among different domains
for the collaborative filtering problem. More details are discussed in the following chapters and

we omit them here.

2.1.2 Theoretical Analysis

The above sections demonstrate the effectiveness of multi-task learning according to the em-
pirical evidence. In the following, we present some existing theoretical analysis results for

multi-task learning.

Baxter (1997) analyzes multi-task learning from a Bayesian perspective, in which the learn-
ing model is a Bayesian neural network. In (Baxter, 1997), the analysis answers the question
‘how much information does each task need in multi-task learning framework’” and gets the

following result

_ dimp, (7*) In k Ink
= PQ( )k +H(P@|,r*)+0(7) (2.6)

where 7 denotes the true prior for the parameters © in the Bayesian neural network, Ry, .+ =
M is defined as the expected amount of information per task to learn from the % tasks,
H(Pg|r+) denotes the entropy for the true prior and dimp, (7*) is the local metric dimension
of m*. From Eq. (2.6), we can see that when the number of tasks % increases, the required

information per task is decreasing, which verifies the effectiveness of multi-task learning.
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Different from the analysis in (Baxter, 1997), Baxter (2000) analyzes multi-task learning
from the probably approximately correct (PAC) learning theory. Moreover, different from the
objective of (Baxter, 1997), Baxter (2000) wants to answer the two questions of ‘how many

tasks are needed’ and ‘how many examples each task needs’ with the answer in the following.

Theorem 2.1 Let H = {H} be any permissible hypothesis space family. We assume that the
number of examples in each task is the same, denoted by n. If the number of tasks k satisfies
256 . 8C(5,H*) 64

327
/{:Zmax{?ln 5 ,? R

and the number of examples n of each task satisfies

256 8C(%5, Hy) 64
n > max{ﬁln%, poRg

then with probability at least 1 — 6, all H € H will satisfy

erg(H) < er,(H) + .

From Theorem 2.1, we can get that the generalization error for multi-task learning is bounded
by the empirical error, which is similar to single-task learning. So if the empirical error is small,
then the generalization performance of multi-task learning will be guaranteed. Moreover, the
lower bound of n decreases when k increases, since InC(5;, H*) € O(n). Moreover, some
works such as (Ben-David et al., 2002; Ben-David & Schuller, 2003; Maurer, 2006) generalize

the analysis to a more general case.

2.1.3 Applications

Multi-task learning has many applications in many areas, that is, computer vision, information

retrieval and Bioinformatics. We review some of these applications in the following.

e Face Recognition: Heisele et al. (2001) propose a multi-task learning method for face
recognition. This method first detects the components of a face and then combines
the features of all the components and the whole face for face recognition. Lapedriza
et al. (2008) propose a multi-task feature extraction method for face recognition. In this
method, face recognition is treated as a target task, while other face tasks such as facial ex-
pression recognition as the complementary tasks to help improve the performance of face
recognition. This method works by maximizing the mutual information between the low-
dimensional representations and the labels in the face recognition task while minimizing
the mutual information between the low-dimensional representations and the labels in the

complementary tasks.
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Image Classification: Quattoni et al. (2008) propose a method for image classification:
the unlabeled data in the target task is used to learn the prototype representation, then
the prototypes are selected by some classifiers learned in the source tasks, and finally the
selected prototypes are used for the target task. Ahmed et al. (2008) propose a method for
visual recognition via a multi-task neural network, in which the target task and the pseudo
tasks as the source tasks share a common representation in the common hidden layer.
This method also discusses how to generate the pseudo tasks for visual recognition tasks.
Kienzle and Chellapilla (2006) propose a biased regularization method for personalized
handwriting recognition, in which the parameters of the SVM model in the source tasks

are provided as a bias for those in the target task.

Object Detection: Torralba et al. (2004) propose a method for multi-class object detection.
Different from the previous methods in object detection which train a classifier for an
individual object, this method formulates it as a multi-class classification problem where
all the objects share some common features, with a by-product to reduce the number of

features required in object detection.

Image Segmentation: An et al. (2008) utilize a Dirichlet process and a kernel stick-
breaking process to segment multiple images simultaneously. The Dirichlet process is
used as a prior for the base measure and the kernel stick-breaking process is used to in-
corporate the spatial information to help the segmentation. This work can be viewed as a

way for multi-task clustering.

Age Estimation: In (Zhang & Yeung, 2010c), Zhang and Yeung formulate the age es-
timation problem as a multi-task regression problem, where each task corresponds to
estimating the ages for one person, and propose a multi-task extension of warped GP to

solve this problem.

Compressive Sensing: Qi et al. (2008) propose a multi-task learning method for compres-

sive sensing, whose model is similar to that in (Xue et al., 2007).

Collaborative Filtering: Yu et al. (2004) unify the content-based filtering and collabo-
rative filtering (CF) in one framework by using a task clustering method, in which the
parameters for each user profile share a common DP prior. Yu and Tresp (2005) propose
a multi-task learning method to solve the CF problem which utilizes the low-rank matrix
approximation. The methods in (Cao et al., 2010; Zhang et al., 2010b) utilize the useful
information in multiple domains to improve the performance on each domain by learning

the domain relations in the form of a covariance matrix.

Text Classification: Raina et al. (2006) propose a transfer learning method for the binary

text classification problem. This method places a Gaussian prior on the model parameters

17



of the logistic regression model for target task and learns the covariance matrix of the
Gaussian prior from the source tasks. Do and Ng (2006) also propose a method based on

the logistic regression model for multi-class text classification problem.

e Bioinformatics: Bickel et al. (2008) propose a multi-task learning method based on the
distribution matching for the HIV therapy screening problem. Xu et al. (2010) use the
multi-task SVM (Evgeniou & Pontil, 2004) and the multi-task feature learning method (Ar-
gyriou et al., 2006, 2008a) to solve the protein subcellular location prediction problem.
Liu et al. (2010) use the multi-task feature learning method (Argyriou et al., 2006, 2008a)
for the cross-platform siRNA efficacy prediction problem. Zhang et al. (2010a) identifies
the common mechanisms of the responses to the therapeutic targets by proposing a sparse
multi-task regression method. Puniyani et al. (2010) utilize the multi-task feature selec-
tion method on the multi-population GWA mapping problems. Lee et al. (2010) extend
the multi-task feature selection method by learning the hyperparameters for the eQTL

detection problem.

e Finance: Ghosn and Bengio (1996) apply a multi-task learning method to the stock se-
lection problem. Different from the previous methods, which use one neural network to
predict the return of one stock, the method in (Ghosn & Bengio, 1996) learns from several
stocks in one neural network, in which the hidden layer is shared by all stocks and can be

viewed as a common representation.

e Robot Inverse Dynamics: The methods in (Chai et al., 2008; Yeung & Zhang, 2009)
utilize the multi-task GP model in (Bonilla et al., 2007) for the robot inverse dynamics

problem to improve the performance over the existing methods.

2.2 Matrix Variate Distributions

The single-task learning methods usually use the vector variate distributions, that is, normal
distribution, as the priors on the model parameters in one single task. If we want to jointly model
the distribution of the model parameters of all tasks in the form of a matrix, we need to resort
to matrix variate distributions (Gupta & Nagar, 2000). Here, we briefly review some matrix
variate distributions on which our proposed methods are based. More detailed information can
be found in (Gupta & Nagar, 2000).

Definition 2.1 A random matrix X € R™*" is said to follow matrix variate normal distribution

with mean matrix M € R™ "™ row covariance matrix X2 € R™™ and column covariance
matrix Q € R™™ where Q = 0 and X = 0, written as X ~ MN ,xn(M, 2 ® Q), iff its
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probability density function (p.d.f.) is given by

exp ( ~ lp(STHX - M)QL(X — M)T)>
(2m)md/2| Q2| 2|72

Definition 2.2 A random matrix X € R™*" is said to follow matrix variate t distribution
with the number of degrees of freedom v, mean matrix M € R™ "™ row covariance matrix
3 € R™™ and column covariance matrix £ € R™*" where 2 > 0 and ¥ > 0, written as
X ~ MT xn (M, X ® Q), if its probability density function (p.d.f.) is given by

(V' /2) |1, + 271X - M)Q (X — M)T|~/?
720 (v 4 m — 1) /2)[35[/2 [ m/2 ’

wherev =v+m+n— 1.

Definition 2.3 A random matrix X € R™*" is said to follow matrix variate generalized normal
random variable, written as X ~ MGN ,,x.(M, X, Q. q), iff its p.d.f. is given as follows:

|

where ¥ € R*** and Q@ € R** are nonsingular, A;j is the (i, j)th element of matrix A and

m n

Z Z(Eil)ik(Xkl — M) (Q7)y

k=1 I=1

1 m n
EXIEDISE [‘ 2.2

i=1 j=1

(A™1); is the (i, j)th element of the matrix inverse A~

When the parameter ¢ in a matrix variate generalized normal random variable is set to 2, the
matrix variate generalized normal distribution will degenerate to matrix variate normal distribu-

tion which is one of the reasons that it is called matrix variate generalized normal distribution.

Definition 2.4 A n x n random symmetric positive definite matrix K is said to have a Wishart

distribution with freedom parameter q and n X n scale matrix ¥ - 0, written as K ~ W, (q, X),

iff its p.d.f. is given by

K |(@n-1)/2
(2)a/2T,(q/2)|%]9/2

1
exp < - §tr(E*1K)), qg<n.
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CHAPTER 3

MULTI-TASK RELATIONSHIP LEARNING
3.1 Introduction

Multi-layered feedforward neural networks and multi-task feature learning assume that all tasks
share the same representation without actually learning the task relationships from data auto-
matically. Moreover, they do not consider a negative task correlation and are not robust against
outlier tasks. The regularization methods in (Evgeniou & Pontil, 2004; Evgeniou et al., 2005;
Kato et al., 2007) assume that the task relationships are given and then utilize this prior knowl-
edge to learn the model parameters. However, they only utilize positive task correlation and
task unrelatedness and not negative task correlation. The task clustering methods in (Thrun &
O’Sullivan, 1996; Bakker & Heskes, 2003; Xue et al., 2007; Jacob et al., 2008) may be viewed
as a way to learn the task relationships from data. Similar tasks are grouped into the same
task cluster and outlier tasks are grouped separately, making these methods more robust against
outlier tasks. However, they are local methods in the sense that only similar tasks within the
same task cluster can interact to help each other, thus ignoring negative task correlation which
may exist between tasks residing in different clusters. On the other hand, a powerful multi-task
learning method in (Bonilla et al., 2007) based on GP provides a global approach to model and
learn task relationships in the form of a task covariance matrix. A task covariance matrix can
model all three types of task relationships: positive task correlation, negative task correlation,
and task unrelatedness. However, although this method provides a powerful way to model task
relationships, learning of the task covariance matrix gives rise to a non-convex optimization
problem which is sensitive to parameter initialization. When the number of tasks is large, the
authors propose to use low-rank approximation (Bonilla et al., 2007) which will then weaken
the expressive power of the task covariance matrix. Moreover, since the method is based on GP,

scaling it to large data sets poses a serious computational challenge.

Our goal in this chapter is to inherit the advantages of (Bonilla et al., 2007) while over-
coming its disadvantages. Specifically, we propose a probabilistic approach, called multi-task
relationship learning (MTRL), which also models the relationships between tasks in a non-
parametric manner as a task covariance matrix. By utilizing a matrix variate normal distribu-
tion (Gupta & Nagar, 2000) as a prior on the model parameters of all tasks, we obtain a convex
objective function which allows us to learn the model parameters and the task relationships si-
multaneously under the regularization framework. This model can be viewed as a generalization

of the regularization framework for single-task learning to the multi-task setting. For efficiency,
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we use an alternating optimization method in which each subproblem is a convex problem. We
study MTRL in a symmetric multi-task learning setting and then generalize it to the asymmetric
setting as well. We discuss some variants of the probabilistic approach to demonstrate the use
of other priors for learning task relationships. Moreover, to gain more insight into our model,
we also study the relationships between MTRL and some existing multi-task learning methods,
such as (Evgeniou & Pontil, 2004; Evgeniou et al., 2005; Kato et al., 2007; Jacob et al., 2008;
Bonilla et al., 2007), showing that the regularized methods in (Evgeniou & Pontil, 2004; Evge-
niou et al., 2005; Kato et al., 2007; Jacob et al., 2008) can be viewed as special cases of MTRL
and the multi-task GP model in (Bonilla et al., 2007) is related to our model. Moreover, we also
apply this idea to transfer metric learning where the objective is to learn an accurate distance

metric in the target task.

3.2 Multi-Task Relationship Learning

Suppose we are given m learning tasks {7;}!" ;. For the ith task 7}, the training set D; consists
of n; data points (x%,y5), j = 1,...,n;, with X € R? and its corresponding output 3% € R if
it is a regression problem and y§ € {—1,1} if it is a binary classification problem. The linear

function for T; is defined as fi(x) = wl'x + b;.

3.2.1 Probabilistic Framework

The likelihood for y;'- given x; w;, b; and ¢, is:

y; ‘ X;-,Wi, biygi ~ N(WZTX; + 61,812) (31)
The prior on W = (wy, ..., w,,) is defined as
i=1

The first term of the prior on W is to penalize the complexity of each column of W separately
and the second term is to model the structure of W. Since W is a matrix variable, it is natural
to use a matrix variate distribution (Gupta & Nagar, 2000) to model it. Here we use the matrix

variate normal distribution for ¢(W'). More specifically,
q(W) = MN 4xm(W | Ogsrm, Ig @ Q) (3.3)

where 04, is the d X m zero matrix. For the prior in Eq. (3.3), the row covariance matrix
I; models the relationships between features and the column covariance matrix 2 models the
relationships between different w;’s. In other words, €2 models the relationships between tasks.
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When there is only one task and €2 is given as a positive scalar value, our model will de-
generate to the probabilistic model for regularized least-squares regression and least-squares
SVM (Gestel et al., 2004). So our probabilistic model can be viewed as a generalization of the
probabilistic model for single-task learning. However, unlike single-task learning, {2 cannot be
given a priori for most multi-task learning applications and so we seek to estimate it from data

automatically.

It is easy to see that this model is a concrete case of our proposed framework in section 1.3
with the prior defined in Eq. (3.2) and the likelihood in Eq. (3.1).

It follows that the posterior distribution for W, which is proportional to the product of the
prior and the likelihood function (Bishop, 2006), is given by:

p(W | X,y,b,e,6,Q) xp(y | X,W,b,e)p(W | € Q), (3.4)

wherey = (Y1, ..., Yp,s-- s Yoo yglm)T, X denotes the data matrix of all data points in all
tasks, and b = (by,...,b,,)". Taking the negative logarithm of Eq. (3.4) and combining with
Egs. (3.1)-(3.3), we obtain the maximum a posteriori (MAP) estimation of W and the MLE of
b and (2 by solving the following problem:

m

: 1 S 7 T 2 - 1 T —1 T
WTE,%LOEQ 4 1(yj—wi X! — b;) +2¥wi w; + tr(WQ'WT) +dIn|Q|. (3.5
1= J= 1=

Here the PSD constraint on €2 holds due to the fact that €2 is defined as a task covariance matrix.
For simplicity of discussion, we assume that ¢ = ¢; and € = ¢;,Vi = 1,...,m. The effect of
the last term in problem (3.5) is to penalize the complexity of 2. However, as we will see later,
the first three terms in problem (3.5) are jointly convex with respect to all variables but the last
term is concave since — In |€2| is a convex function with respect to €2, according to (Boyd &
Vandenberghe, 2004). Moreover, for kernel extension, we have no idea about d which may even
be infinite after feature mapping, making problem (3.5) difficult to optimize. In the following,

we first present a useful lemma which will be used later.
Lemma 3.1 For any m x m PSD matrix Q, In |Q| < tr(Q2) — m.

Proof:
We denote the eigenvalues of 2 by ey, ..., ¢e,,. Thenln || =" Ine; and tr(Q) = > ;.

Due to the concavity of the logarithm function, we can obtain
1
lnx§1n1+1(m—l):x—1
by applying the first-order condition. Then

In |2 = Zlnei < Zei —m = tr(Q) —m.
i=1 i=1
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This proves the lemma. O

Based on Lemma 3.1, we can relax the optimization problem (3.5) as
min Z Zl(y; —w x5 — b))+ Z 6—2WZTWi +tr(WQ W) +- dtr(2).  (3.6)
]:

Wb, Q20 4~ g2 4 :
=1 =1

However, the last term in problem (3.6) is still related to the data dimensionality d which usually
cannot be estimated accurately in kernel methods. So we incorporate the last term into the

constraint, leading to the following problem

T, , A A
: i Tt pN2 L T A2 —1yx/T
Jnin 22(% w; X; — b;)” + 5 tr(WWH) + 5 tr(WQ—WH)
i=1 j=
s.t. Q=0
tr(2) < e, (3.7)

where \; = 26%2 and )\, = 2¢? are regularization parameters. By using the method of Lagrange
multipliers, it is easy to show that problems (3.6) and (3.7) are equivalent. Here we simply set

c=1.

The first term in (3.7) measures the empirical loss on the training data, the second term
penalizes the complexity of W, and the third term measures the relationships between all tasks
based on W and €2.

To avoid the task imbalance problem in which one task has so many data points that it

dominates the empirical loss, we modify problem (3.7) as
min Zm: 1 i(y? —wixi— b))%+ ﬁtr(WWT) + ﬁtr(WQ_le)
P ! n 2 2

s.t. Q>0
tr(Q2) < 1. (3.8)

Note that (3.8) is a semi-definite programming (SDP) problem which is computationally de-

manding. In what follows, we will present an efficient algorithm for solving it.

3.2.2 Optimization Procedure
We first prove the convexity of problem (3.8) with respect to all variables.
Theorem 3.1 Problem (3.8) is convex with respect to W, b and (.

Proof:

It is easy to see that the first two terms in the objective function of problem (3.8) are convex
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with respect to all variables and the constraints in (3.8) are also convex. We rewrite the third

term in the objective function as

r(WQWT) =Y " W(t, )@ 'Wi(t, )",

where W (t,:) denotes the tth row of W. W (¢,:)Q "W (¢,:)7 is called a matrix fractional
function in Example 3.4 (page 76) of (Boyd & Vandenberghe, 2004) and it is proved to be
a convex function with respect to W (t,:) and €2 there when €2 is a positive semidefinite
matrix (which is satisfied by the first constraint of (3.8)). Since W(¢,:) is a row of W,
W(t,:)Q 'W(t,:)7 is also convex with respect to W and . Because the summation op-
eration can preserve convexity according to the analysis on page 79 of (Boyd & Vandenberghe,
2004), tr(WQ"WT) = 3 W(t,:)Q "W(¢,:)7 is convex with respect to W, b and Q. So
the objective function and the constraints in problem (3.8) are convex with respect to all vari-

ables and hence problem (3.8) is jointly convex. 0

Even though the optimization problem (3.8) is convex with respect to W, b and €2 jointly,
it is not easy to optimize the objective function with respect to all the variables simultaneously.
Here we propose an alternating method to solve the problem more efficiently. Specifically, we
first optimize the objective function with respect to W and b when €2 is fixed, and then optimize
it with respect to 2 when W and b are fixed. This procedure is repeated until convergence. In

what follows, we will present the two subproblems separately.
Optimizing w.r.t. W and b when (2 is fixed

When (2 is given and fixed, the optimization problem for finding W and b is an uncon-

strained convex optimization problem. The optimization problem can be stated as:

A A
min Z Z vy - wix) = b)? + S (WWT) + Za(We W), 39)

To facilitate a kernel extension to be given later for the general nonlinear case, we reformu-
late the optimization problem into a dual form by first expressing problem (3.9) as a constrained

optimization problem:

Ao
i tr(WW7) + Ztr(WQ W7
Wity Z Z )+ )
s.L. y;—(wfxé-—l—bi):é; Vi, j. (3.10)
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The Lagrangian of problem (3.10) is given by

G = Z Z tr(WWT) + A; tr(WQ'W7)
+3 ) al [y — (wixi+b) —€l] . (3.11)
i=1 j=1

We calculate the gradients of G' with respect to W, b; and s;'- and set them to 0 to obtain

S—V%:W(Allmﬂgﬂ ZZO/X —0=W= ZZ% xie] QM + \oL,) !

=1 j=1 =1 j=1

e o
b, == ;=0

j=1

8G_26 —at 0,
85§_n2 i

where e; is the ith column vector of I,,,. Combining the above equations, we obtain the follow-

K + %A M, « y )
= 3.12
< M21 0m><m ) ( b ) < 0m><1 ’ ( )

where kMT(le , XJQ) =e] QM+ XoI,) ey, (x 1)Tx}2 is the linear multi-task kernel, K is

the kernel matrix defined on all data points for all tasks using the linear multi-task kernel, a =

ing linear system:

(af,...,am )T, 0,x, is the p x q zero matrix or vector, A is a diagonal matrix whose diagonal

Nm
element is equal to n; if the corresponding data point belongs to the ith task, N; = 22:1 n;, and
M, = ME, = (e%é 15 e%f IRTRR ,e%:il 1) Where e? is a zero vector with only the elements

whose indices are in [g, p] being equal to 1.

When the total number of data points for all tasks is very large, the computational cost
required to solve the linear system (3.12) directly will be very high. In this situation, we can
use another optimization method to solve it. It is easy to show that the dual form of problem

(3.10) can be formulated as:

st Y al=0 Vi (3.13)

where K = K + %A. Note that it is similar to the dual form of least-squares SVM (Gestel
et al., 2004) except that there is only one constraint in least-squares SVM but here there are

m constraints with each constraint corresponding to one task. Here we use an SMO algorithm
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similar to that for least-squares SVM (Keerthi & Shevade, 2003). The detailed SMO algorithm
is given in Appendix A.1.

Optimizing w.r.t. 2 when W and b are fixed

When W and b are fixed, the optimization problem for finding {2 becomes
m(%n tr(Q'WIW)

s.t. Q>0

tr(Q2) < 1. (3.14)
Then we have
tr(Q7TA) > tr(Q7TA)t

= tr((Q ZAz)(A
> (tr(272A

tr(€2)
)(AZ0Q72))tr(22Q2)
))27

where A = WTW. The first inequality holds because of the last constraint in problem (3.14),

N

w\»—'
[T
[Nt
[T

02))* = (tr(A

and the last inequality holds because of the Cauchy-Schwarz inequality for the Frobenius norm.
Moreover, tr(€2'A) attains its minimum value (tr(A2))? if and only if Q 2A: = aQ? for

(WTW)%

some constant a and tr(€2) = 1. So we can get the analytical solution 2 = .
tr(WT'W)2)

We set the initial value of €2 to %Im which corresponds to the assumption that all tasks are

unrelated initially.

After learning the optimal values of W, b and (2, we can make prediction for a new

data point. Given a test data point x® for task 7}, the predictive output ¢’ is given by y! =
Zgzl ZZ apkMT( X *) + b;.

3.2.3 Incorporation of New Tasks

The method described above can only learn from multiple tasks simultaneously which is the
setting for symmetric multi-task learning. In asymmetric multi-task learning, when a new task
arrives, we could add the data for this new task to the training set and then train a new model
from scratch for the m + 1 tasks using the above method. However, it is undesirable to incor-
porate new tasks this way due to the high computational cost incurred. Here we introduce an

algorithm for asymmetric multi-task learning which is more efficient.

For notational simplicity, let 7 denote m + 1. We denote the new task by 7; and its training

set by Dy, = {(x]",47")}}7. The task covariances between T};, and the m existing tasks are
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represented by the vector wys = (W 1, - - - ,wm,m)T and the task variance for T}, is defined as

0. Thus the augmented task covariance matrix for the m + 1 tasks is:

Q:((l—a)ﬂ wm>7

T
W o

where € is scaled by (1 — o) to make  satisfy the constraint tr(€2) = 1." The linear function
for task T}, is defined as f,,,;1(x) = wix + b.

With W,,, = (wy,...,w,,) and €2 at hand, the optimization problem can be formulated as
follows:
i X — A W0 WE
Jpin @ Zl X D) 2wl + i 7
st. Q>0 (3.15)

where W;, = (W,,,, w). Problem (3.15) is an SDP problem. Here we assume €2 is positive
definite.? So if the constraint in (3.15) holds, then according to the Schur complement (Boyd &
Vandenberghe, 2004), this constraint is equivalent to w. Q*w,;, < 0—o?. Thus problem (3.15)

becomes
: i - m T.m /\—t W Q WT
B DA LI P o)
]:
st. wEQ lws <o — o’ (3.16)

This is a convex problem and thus we can also use an alternating method to solve it.

When using the alternating method to optimize with respect to w and b, from the block

matrix inversion formula, we can get

al_ ( ((1 — o)) — %wmw%;)l — i U)U —1__ 0 tw, )

L_wlq! L

T (=0)d’ o’

1

where 0/ = 0 — WX Q 'w,;,. Then the optimization problem is formulated as

1-o
inm(ﬁz T ,m b)2—|->\—/1|| ||2 )\/T 3.17
where \] = )\1+)‘?,/\’ = A) andu = W,,Q 'w,,. We first investigate the physical mean-

ing of problem (3.17) before giving the detailed optimization procedure. We rewrite problem

'Due to the analysis in the above section, we find that the optimal solution of €2 satisfies tr(£2) = 1. So here
we directly apply this optimality condition.

2When € is positive semi-definite, the optimization procedure is similar.
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(3.17) as

which enforces w to approach the scaled u as a priori information. This problem is similar to

that of (Wu & Dietterich, 2004), but there exist crucial differences between them. For example,
the model in (Wu & Dietterich, 2004) can only handle the situation that m = 1 but our method

can handle the situations m = 1 and m > 1 in a unified framework. Moreover, u also has

explicit physical meaning. Considering a special case when €2 o I,,, which means the existing

tasks are uncorrelated. We can show that u is proportional to a weighted combination of the

model parameters learned from the existing tasks where each combination weight is the task

covariance between an existing task and the new task. This is in line with our intuition that

a positively correlated existing task has a large weight on the prior of w, an outlier task has

negligible contribution and a negatively correlated task even has opposite effect. We reformulate

the problem (3.17) as a constrained optimization problem:

1 & pV
. 2 1 2 roT
min — E e+ —=|lwlls = u'w
w,b,{sj} Ny, s J 2 || ||2 2
s.t m T ﬁ’b_b_ ) \v/
.t. Y; WX =¢c; V.

The Lagrangian is given by

N

1 X - . .
=3+ Sl N w D8 [ W) b ]
moi—1 j=1

We calculate the gradients of G’ with respect to w, b and ¢; and set them to O to obtain

@G/ / / = m
S = Alw—)\2u—Zﬁjxj =0
j=1
oG’ o
b =2 fi=0
j=1

oG’ 2
9, g’ — =0

J m

Combining the above equations, we obtain the following linear system:

yK + 2L, 1, BY_ (v -53X)u
17 0 b 0

)

where 3 = (B1,...,Bp,)" X = (x{',...,x0 ),y = (x',...,x" )T and K’

) s,

the linear kernel matrix on the training set of the new task.
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When optimizing with respect to w,,+1 and o, the optimization problem is formulated as

min tr(WmQ_lwg)

(dﬁ“O',fl
st wiQlws <o —o?
= 1—0)Q wjy
Wy, o

(3.20)

. . ~—1 .. . .
We impose a constraint as W,;Q WL < %Id and the objective function becomes % which

is equivalent to a minimization optimization problem min —¢ since ¢ > 0. Using the Schur

complement, we can get

-1

W.Q WL <

39

Q Wg)
W, 1,

SN

Id<:>(

By using the Schur complement again, we get

(fzwg

- Q) —tWIW,. = 0.
W %Id)_0<:>9 tW,. W ~0

So problem (3.20) can be formulated as

min —t
wm,a,fl,t
s.t. meQ_lwm <og-—o?
Q— ( (1—0’)Q Wm>
= T .

Q—tWIwW,, =0,

> 0.

(3.21)

which is an SDP problem. In real applications, the number of tasks m is usually not very

large and we can use a standard SDP solver to solve problem (3.21). Moreover, we may also

reformulate problem (3.21) as a second-order cone programming (SOCP) problem (Lobo et al.,

1998) which is more efficient than SDP when m is large. We will present the procedure in

Appendix A.2.

In case two or more new tasks arrive together, the above formulation only needs to be

modified slightly to accommodate all the new tasks simultaneously.

3.2.4 Kernel Extension

So far we have only considered the linear case for MTRL. In this section, we will apply the

kernel trick to provide a nonlinear extension of the algorithm presented above.
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The optimization problem for the kernel extension is essentially the same as that for the
linear case, with the only difference being that the data point x is mapped to ®(x ) in some
reproducing kernel Hilbert space where ®(-) denotes the feature map. Then the corresponding
kernel function k(-, -) satisfies k(x1, x3) = ®(x1)7 ®(xy).

For symmetric multi-task learning, we can also use an alternating method to solve the op-
timization problem. In the first step of the alternating method, we use the nonlinear multi-task

kernel
I{JMT( ]1, ]2)_GTQ(/\19+/\QI ) lehk(x X )

J1 g2
The rest is the same as the linear case. For the second step, the change needed is in the calcula-
tion of WI'W. Since

W = ZZa@ )el QN Q + Ao1,,)

i=1 j=1

which is similar to the representer theorem in single-task learning, we have

WIW =) " alalk(x), xP) (M + AoL,) "' Qejel QM2 + AoL,) (3.22)

j  DPY

In the asymmetric setting, when a new task arrives, we still use the alternating method to
solve the problem. In the first step of the alternating method, the analytical solution (3.19) needs
to calculate (®(X’))"u where ®(X') = (®(x7),..., d(x™

n-)) denotes the data matrix of the
new task after feature mapping and u = W,,Q 'w,,. Since W,, is derived from symmetric

multi-task learning, we get

W,, = Za@ )el QN Q + NoT,,) !
i=1 j=1
Then
(@(X)N)Ta = (&(X)"W,,.Q 'ws = MQ twy,
where
M = (X)W,
— Zzacp el QA Q + M\L,)
=1 j=1
= Za;k; e/ QMQ + Aol !
=1 j=1
and l~<§- = (k(x},xT),..., k(x;'-,xnmm))T. In the second step of the alternating method, we

need to calculate WL W, where W;, = (W,,,, w). Following the notations in Appendix A.2,
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‘Illl lIllQ
Ui, Wy

Uy, € R. Then ¥y = WIW,,, ¥, = W w and Uy, = wl'w. Itis easy to show that ¥,

can be calculated as in Eq. (3.22) which only needs to be computed once. Recall that

we denote WL W,; as WIW, = < ) where ¥, € R™™ W, ¢ R™*! and

)\/ ]‘ / )\/2 —1 /
W= +/\,<I>(X)B 2W, 0w + — (X))

from Eq. (3.18). So we can get

Al 1
T, = WL A—?Wmﬂ‘lmer/\—,(I)(X’)B]
1 1
Al _ 1
= )\—2‘1’11Q lwm+>\—,1MT,3
and
/ 1 2
B RS
1 1
O S p—— -1 L or NT 2>‘/ T O TWT /
1 1
(A2)* 7y -1 2, wl O 1MT
(A1)? ! ™ ) (A1)?

where K’ is the kernel matrix. In the testing phrase, when given a test data point x,, the output

can be calculated as
Yy = WT(I)(X*) +b

X, 1 NT
- (XW Q- wm—i—)\—/@(X)ﬁ) B(x,) + b

1
= 20T 'Wiox,)+ 08"k, +b

N, X,
)‘/2 —1 N 7 7 1 T
= Fwn T (MQ+ ML) QZZij(Xj,X*)ei—i—)\—/lﬁ k, +b

i=1 j=1

A, 1
— ()\19+)\21 ZZ@ k( x],x* eZ—|—)\—/16Tk*—|—b,

)\/
=1 j=1

where k, = (k(x,, x7), ..., k(x,, x7 )"

M

3.2.5 Discussions

In some applications, there may exist prior knowledge about the relationships between some

tasks, e.g., two tasks are more similar than two other tasks, some tasks are from the same task
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cluster, etc. It is easy to incorporate the prior knowledge by introducing additional constraints
into problem (3.8). For example, if tasks 7; and 7} are more similar than tasks 7}, and 7, then
the corresponding constraint can be represented as €2;; > €1,,,; if we know that some tasks are
from the same cluster, then we can enforce the covariances between these tasks very large while

their covariances with other tasks very close to 0.

3.2.6 Some Variants

In our probabilistic model, the prior on W given in Eq. (3.2) is very general. Here we discuss

some different choices for ¢(W).

Utilizing Other Matrix Variate Normal Distributions

When we choose another matrix variate normal distribution for ¢(W), such as
Q(W) = MNdxm<W ’ 0d><m7 b & Im>7

it leads to a formulation similar to multi-task feature learning (Argyriou et al., 2008a, 2008):

1o : A A
min Z - Z(y; —w X, — )"+ ?ltr(WWT) + ;tr(WTE_1W)
=1 " j=1

W.,b,X 4
st. 2 >0
tr(%) < 1.

From this aspect, we can understand the difference between our method and multi-task feature
learning. Multi-task feature learning is to learn the covariance structure on the model parameters
and the parameters of different tasks are independent given the covariance structure. However,
the task relationship is not very clear in this method in that we do not know which task is
helpful. In our formulation (3.8), the relationships between tasks are described explicitly in
the task covariance matrix 2. Another advantage of formulation (3.8) is that kernel extension
is very natural as that in single-task learning. For multi-task feature learning, however, Gram-
Schmidt orthogonalization on the kernel matrix is needed and hence it will incur additional

computational cost.

The above choices for (W) either assume the tasks are correlated but the data features
are independent, or the data features are correlated but the tasks are independent. Here we
can generalize them to the case which assumes that the tasks and the data features are both
correlated by defining (W) as ¢q(W) = MN gxm(W | Ogxm, X ® Q) where X describes

the correlations between data features and 2 models the correlations between tasks. Then the
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corresponding optimization problem becomes

: < 1 < i T i 2 A1 T A2 Tsv—1 -1
win ; o 2 (y; — w; X5 — b)* + ?tr(WW )+ ?tr(W XTWQT)
s.t. =0, tr(X) <1
Q= 0, tr(Q) < 1. (3.23)

Unfortunately this optimization problem is non-convex due to the third term in the objective
function which makes the performance of this model sensitive to the initial values of the model
parameters. But we can also use the alternating method to obtain a locally optimal solution.
Moreover, the kernel extension of this method is not very easy to derive since we cannot estimate
the covariance matrix 3 for feature correlation in an infinite-dimensional kernel space. But
we can also get an approximation by assuming that the primal space of ¥ is spanned by the
training data points in the kernel space, which is similar to the representer theorem in (Argyriou
et al., 2008a). Compared with this problem, problem (3.8) is convex and its kernel extension
is very natural. Moreover, for problem (3.8), the feature correlations can be considered in the

construction of the kernel function by using the following linear and RBF kernels:

Ts—1
klinear(xl>x2) = Xlz X2

krpp(x1,X2) = exp ( — (%1 —x2) T2 (x; — xz)/2>.

Utilizing Matrix Variate ¢ Distribution

It is well known that the ¢ distribution has heavy-tail behavior which makes it more robust
against outliers than the corresponding normal distribution. This also holds for the matrix vari-
ate normal distribution and the matrix variate ¢ distribution (Gupta & Nagar, 2000). So we can

use the matrix variate ¢ distribution for ¢(W') to make the model more robust.

We assign the matrix variate ¢ distribution to ¢(W):
q(W) = MT axm(V, Ogxm, Ia @ €2).

The p.d.f. of the matrix variate ¢ distribution is defined in Definition 2.2. Then the correspond-

ing optimization problem can be formulated as

. moqo i i A\ N )
Vb Z 7’L_ Z(y] - WzTXj - bz>2 + ?tl‘(WWT) + 7 In |Id + WQ 1wT’
=1 j=1

s.t. Q>0
tr(Q) < 1.
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This is a non-convex optimization problem due to the non-convexity of the last term in the

objective function. By using Lemma 3.1, we can obtain
In|I; + WQ'WT| < tr(I; + WQ'WT) — d = tr(WQ "W). (3.24)

So the objective function of problem (3.8) is the upper bound of that in this problem and hence
this problem can be relaxed to the convex problem (3.8). Moreover, we may also use the
majorization-minimization (MM) algorithm (Lange et al., 2000) to solve this problem. The MM
algorithm is an iterative algorithm which seeks an upper bound of the objective function based
on the solution from the previous iteration as a surrogate function for the minimization problem
and then optimizes with respect to the surrogate function. The MM algorithm is guaranteed to
find a local optimum and is widely used in many optimization problems. For our problem, we
denote the solution of W, b and € in the ¢-th iteration as W®_ b® and Q® . Then by using

Lemma 3.1, we can obtain
n|l; + WQ W' —In|M| = InM'(I; + WQ'WT)
< tr(M I+ WQ'WT)) —d,
where M = I, + W®(QO)~1 (W) So we can get
In|I;+ WQ W' < tr(M ' (I; + WQT'WT)) + In M| — d. (3.25)

We can prove that this bound is tighter than the previous one in Eq. (3.24) and the proof is given
in Appendix A.3. So in the (¢ + 1)-th iteration, the MM algorithm is to solve the following

optimization problem:

; mlmz’ T i 2, M T A2 Tng—1 -1
V{InénQ; - ;(yj — W, X; —b)" + ?tr(WW )+ ?tr(W M-WQ™)
s.t. 2>0
tr(Q2) < 1.

This problem is similar to problem (3.23) with the difference that 32 in problem (3.23) is a vari-
able but here M is a constant matrix. Similar formulations lead to similar limitations though.
For example, the optimization problem is non-convex and the kernel extension is not very nat-

ural and needs some approximation.

3.3 Relationships with Existing Methods

3.3.1 Relationships with Existing Regularized Multi-Task Learning Meth-
ods

Some existing multi-task learning methods (Evgeniou & Pontil, 2004; Evgeniou et al., 2005;
Kato et al., 2007; Jacob et al., 2008) also model the relationships between tasks under the
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regularization framework. The methods in (Evgeniou & Pontil, 2004; Evgeniou et al., 2005;
Kato et al., 2007) assume that the task relationships are given a priori and then utilize this prior
knowledge to learn the model parameters. On the other hand, the method in (Jacob et al., 2008)
learns the task cluster structure from data. In this section, we discuss the relationships between
MTRL and these methods.

The objective functions of the methods in (Evgeniou & Pontil, 2004; Evgeniou et al., 2005;
Kato et al., 2007; Jacob et al., 2008) are all of the following form which is similar to that of
problem (3.8):

U A A
T=3"3 "0 wixh +b) + étr(WWT) + gﬂvv),

i=1 j=1

with different choices for the formulation of f(-). The first term in this objective function
denotes the loss on the labeled data of all tasks, the second term is to control the complexity of

the model parameters W and the last term is to measure the task relationship based on W.

The method in (Evgeniou & Pontil, 2004) assumes that all tasks are similar and so the
parameter vector of each task is similar to the average parameter vector. The corresponding
formulation for f(-) is given by

(W) :iHW"‘%iwﬂ'

2
2.

After some algebraic operations, we can rewrite f(W) as

m m 1
FOW) = 3237 o lwi = w3 = tx(WLW),
i=1 j=1
where L is the Laplacian matrix (Chung, 1997) defined on a fully connected graph with edge
weights equal to ﬁ This corresponds to a special case of MTRL with 2! = L. Obviously, a

limitation of this method is that only positive task correlation can be modeled.

The methods in (Evgeniou et al., 2005) assume that the task cluster structure or the task

similarity between tasks is given. f(-) is formulated as

FOW) = sillw = w;l5 = tr(WLW),
4,3
where s;; > 0 denotes the similarity between tasks 7; and 7 and L is the Laplacian matrix
defined on the graph based on {s;;}. Again, it corresponds to a special case of MTRL with
Q! = L. Note that this method requires that s;; = 0 and so it also can only model positive

task correlation and task unrelatedness. If negative task correlation is modeled as well, the
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problem will become non-convex making it more difficult to solve. Moreover, in many real-

world applications, prior knowledge about s;; is not available.

In (Kato et al., 2007) the authors assume the existence of a task network and that the neigh-
bors in the task network, encoded as index pairs (pg, gx ), are very similar. f(-) can be formulated

as

f(W) = Z ||ka> - WQk“g
k

We can define a similarity matrix G' whose (py, ¢x)th elements are equal to 1 for all k£ and 0
otherwise. Then f(W) can be simplified as f(W) = tr(WLW?) where L is the Laplacian
matrix of (G, which is similar to (Evgeniou et al., 2005). Thus it also corresponds to a special
case of MTRL with Q' = L. Similar to (Evgeniou et al., 2005), a difficulty of this method is

that prior knowledge in the form of a task network is not available in many applications.

The method in (Jacob et al., 2008) is more general in that it learns the task cluster structure
from data, making it more suitable for real-world applications. The formulation for f(-) is

described as
F(W) = tr (W[aH,, + (M — H,,) + 7(L,, - M)|WT) |

where H,,, is the centering matrix and M = E(ETE)E” with the cluster assignment matrix E.
Ifwelet Q™' = aH,, + (M —H,,) +7(L, M) or @ = 1H,, + (M —H,,) + (L, - M),
MTRL will reduce to this method. However, (Jacob et al., 2008) is a local method which
can only model positive task correlations within each cluster but cannot model negative task
correlations among different task clusters. Another difficulty of this method lies in determining

the number of task clusters.

Compared with existing methods, MTRL is very appealing in that it can learn all three types
of task relationships in a nonparametric way. This makes it easy to identify the tasks that are

useful for multi-task learning and those that should not be exploited.

3.3.2 Relationships with Multi-Task Gaussian Process

The multi-task GP model in (Bonilla et al., 2007) directly models the task covariance matrix 3

by incorporating it into the GP prior as follows:
(£, 19) = Zink (35, %), (3.26)

where (-, -) denotes the covariance of two random variables, f] is the latent function value for
x’, and X, is the (i, )th element of X. The output y} given f; is distributed as
o o
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which defines the likelihood for x}. Here o7 is the noise level of the ith task.

Recall that GP has an interpretation from the weight-space view (Rasmussen & Williams,
2006). In our previous work (Zhang & Yeung, 2010b), we also give a weight-space view of this
multi-task GP model:

v = w; ¢(x]) +¢;
W = [Wl, e ,Wm] ~ MNd’Xm(Od’meld' & Z)
eh ~ N(0,07), (3.27)

where ¢(-), which maps x € R? to ¢(x) € R? and may have no explicit form, denotes a
feature mapping corresponding to the kernel function k(-,-). The equivalence between the
model formulations in (3.26) and (3.27) is due to the following which is a consequence of the

property of the matrix variate normal distribution:?

FIE o(x)Tw; = o(x2) T Wey,; ~ N (0, Zik(x},x1))

J
(i fT) = / H(x) We, T, WTH(x")p(W)AW = 5, k(x!, x7),

where e, ; is the ith column of L,,,. The weight-space view of the conventional GP can be seen
as a special case of that of the multi-task GP with m = 1, under which the prior for W in (3.27)
will become the ordinary normal distribution with zero mean and identity covariance matrix by

setting 3 = 1.

It is easy to see that the weight-space view model (3.27) is similar to our probabilistic model
which shows the relationship of our method with multi-task GP. However, the optimization
problem in (Bonilla et al., 2007) is non-convex which makes the multi-task GP more sensitive
to the initial values of model parameters. To reduce the number of model parameters, multi-task
GP seeks a low-rank approximation of the task covariance matrix which may weaken the ex-
pressive power of the task covariance matrix and limit the performance of the model. Moreover,
since multi-task GP is based on the GP model, the complexity of multi-task GP is cubic with
respect to the number of data points in all tasks. This high complexity requirement may limit

the use of multi-task GP for large-scale applications.

3.4 Experiments

In this section, we study MTRL empirically on some data sets and compare it with a single-task
learning (STL) method, multi-task feature learning (MTFL) (Argyriou et al., 2008a) method*
and a multi-task GP (MTGP) method (Bonilla et al., 2007) which can also learn the global task

relationships.

3The proofs for the following two equations can be found in Chapter 4.

“The implementation can be downloaded from http://www.cs.ucl.ac.uk/staff/A. Argyriou/code/.
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3.4.1 Toy Problem

We first generate a toy data set to conduct a “proof of concept” experiment before we do ex-
periments on real data sets. The toy data set is generated as follows. The regression functions
corresponding to three regression tasks are defined as y = 3z + 10, y = =3z —5and y = 1.
For each task, we randomly sample five points uniformly from [0, 10]. Each function output is
corrupted by a Gaussian noise process with zero mean and variance equal to 0.1. One example
of the data set is plotted in Figure 3.1, with each color (and point type) corresponding to one
task. We repeat the experiment 10 times. From the coefficients of the regression functions, we
expect the correlation between the first two tasks to approach —1 and those for the other two
pairs of tasks to approach 0. To apply MTRL, we use the linear kernel and set A\; to 0.01 and
A2 to 0.005. After the learning procedure converges, we find that the mean estimated regres-
sion functions for the three tasks are y = 2.9964z + 10.0381, y = —3.0022x — 4.9421 and
y = 0.0073x + 0.9848. Based on the task covariance matrix learned, we obtain the following

the mean task correlation matrix:

1.0000 —0.9985  0.0632
C=1[ —0.998  1.0000 —0.0623
0.0632 —0.0623  1.0000

We can see that the task correlations learned confirm our expectation, showing that MTRL can

indeed learn the relationships between tasks for this toy problem.
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30| O 2nd task 4
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10+
ot X X X XX
o O
@)
-20 0O o
_30,
@)
-40 ‘
0 2 4 6 8 10

Figure 3.1: One example of the toy problem. The data points with each color (and point type)
correspond to one task.

3.4.2 Robot Inverse Dynamics

We now study the problem of learning the inverse dynamics of a 7-DOF SARCOS anthropo-

morphic robot arm’. Each observation in the SARCOS data set consists of 21 input features,

Shttp://www.gaussianprocess.org/gpml/data/
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corresponding to seven joint positions, seven joint velocities and seven joint accelerations, as
well as seven joint torques for the seven degrees of freedom (DOF). Thus the input has 21 di-
mensions and there are seven tasks. We randomly select 600 data points for each task to form
the training set and 1400 data points for each task for the test set. The performance measure
used is the normalized mean squared error (nMSE), which is the mean squared error divided
by the variance of the ground truth. The single-task learning method is kernel ridge regression.
The kernel used is the RBF kernel. Five-fold cross validation is used to determine the values
of the kernel parameter and the regularization parameters A; and \,. We perform 10 random
splits of the data and report the mean and standard derivation over the 10 trials. The results
are summarized in Table 3.1 and the mean task correlation matrix over 10 trials is recorded in
Table 3.2. From the results, we can see that the performance of MTRL is better than that of
STL, MTFL and MTGP. From Table 3.2, we can see that some tasks are positively correlated
(e.g., third and sixth tasks), some are negatively correlated (e.g., second and third tasks), and

some are uncorrelated (e.g., first and seventh tasks).

Table 3.1: Comparison of different methods on SARCOS data. Each column represents one
task. The first row of each method records the mean of nMSE over 10 trials and the second row

records the standard derivation.

Method 1st DOF 2nd DOF 3rd DOF 4th DOF 5th DOF 6th DOF 7th DOF
STL 0.2874 0.2356 0.2310  0.2366  0.0500  0.5208  0.6748
0.0067 0.0043 0.0068 0.0042  0.0034  0.0205 0.0048
MTFL  0.2876 0.1611 0.2125 0.2215 0.0858  0.5224  0.7135
0.0178 0.0105 0.0225 0.0151 0.0225 0.0269  0.0196
MTGP  0.3430 0.7890 0.5560 03147  0.0100  0.0690  0.6455
0.1038 0.0480 0.0511 0.1235 0.0067  0.0171 0.4722
MTRL  0.0968 0.0229 0.0625  0.0422  0.0045  0.0851 0.3450
0.0047 0.0023 0.0044  0.0027  0.0002  0.0095 0.0127

Table 3.2: Mean task correlation matrix learned from SARCOS data on different tasks.
Ist 2nd 3rd 4th 5th 6th 7th
Ist  1.0000 0.7435 -0.7799 0.4819 -0.5325 -0.4981 0.0493
2nd 0.7435 1.0000 -0.9771 0.1148 -0.0941 -0.7772 -0.4419
3rd -0.7799 -0.9771 1.0000 -0.1872 0.1364 0.8145 0.3987
4th  0.4819 0.1148 -0.1872 1.0000 -0.1889 -0.3768 0.7662
5th  -0.5325 -0.0941 0.1364 -0.1889 1.0000 -0.3243 -0.2834
6th -0.4981 -0.7772 0.8145 -0.3768 -0.3243 1.0000 0.2282
7th  0.0493 -0.4419 0.3987 0.7662 -0.2834 0.2282 1.0000

Moreover, we plot in Figure 3.2 the change in value of the objective function in problem
(3.8). We find that the objective function value decreases rapidly and then levels off, showing

the fast convergence of the algorithm which takes no more than 15 iterations.
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Figure 3.2: Convergence of objective function value for SARCOS data.

3.4.3 Multi-Domain Sentiment Application

We next study a multi-domain sentiment classification application® which is a multi-task classi-
fication problem. Its goal is to classify the reviews of some products into two classes: positive
and negative reviews. In the data set, there are four different products (tasks) from Amazon.com:
books, DVDs, electronics, and kitchen appliances. For each task, there are 1000 positive and
1000 negative data points corresponding to positive and negative reviews, respectively. Each
data point has 473856 feature dimensions. To see the effect of varying the training set size, we
randomly select 10%, 30% and 50% of the data for each task to form the training set and the rest
for the test set. The performance measure used is the classification error. We use SVM as the
single-task learning method. The kernel used is the linear kernel which is widely used for text
applications with high feature dimensionality. Five-fold cross validation is used to determine
the values of the regularization parameters A\; and \,. We perform 10 random splits of the data
and report the mean and standard derivation over the 10 trials. The results are summarized in
the left column of Table 3.3. From the table, we can see that the performance of MTRL is better
than that of STL, MTFL and MTGP on every task under different training set sizes. More-
over, we can see that when the training size increases, the performance of our method MTRL

becomes better on each task.

The mean task correlation matrices over 10 trials for different training set sizes are recorded
in the right column of Table 3.3. From Table 3.3, we can see that the first task ‘books’ is
more correlated with the second task ‘DVDs’ than with the other tasks; the third and fourth
tasks achieve the largest correlation among all pairs of tasks. The findings from Table 3.3
can be easily interpreted as follows: ‘books’ and ‘DVDs’ are mainly for entertainment; almost
all the elements in ‘kitchen appliances’ belong to ‘electronics’. So the knowledge found by our
method about the relationships between tasks matches our intuition. Moreover, some interesting

patterns exist in the mean task correlation matrices for different training set sizes. For example,

Ohttp://www.cs.jhu.edu/~mdredze/datasets/sentiment/
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the correlation between the third and fourth tasks is always the largest when training size varies;
the correlation between the first and second tasks is larger than that between the first and third

tasks, and also between the first and fourth tasks.

Table 3.3: Comparison of different methods on multi-domain sentiment data for different train-
ing set sizes. The three tables in the left column record the classification errors of different
methods when 10%, 30% and 50%, respectively, of the data are used for training. Each column
in a table represents one task. For each method, the first row records the mean classification
error over 10 trials and the second row records the standard derivation. The three tables in the

right column record the mean task correlation matrices learned on different tasks for different
training set sizes (10%, 30% and 50% of the data). 1st task: books; 2nd task: DVDs; 3rd task:
electronics; 4th task: kitchen appliances.

Method  1st Task  2nd Task  3rd Task  4th Task

STL 0.2680 0.3142 0.2891 0.2401
0.0112 0.0110 0.0113 0.0154 Ist 2nd 3rd 4th
MTFL 0.2667 0.3071 0.2880 0.2407 Ist 1.0000 0.7675 0.6878  0.6993
0.0160 0.0136 0.0193 0.0160 2nd  0.7675 1.0000 0.6937  0.6805
MTGP 0.2332 0.2739 0.2624 0.2061 3rd 0.6878  0.6937  1.0000  0.8793
0.0159 0.0231 0.0150 0.0152 4th  0.6993  0.6805 0.8793  1.0000

MTRL 0.2233 0.2564 0.2472 0.2027
0.0055 0.0050 0.0082 0.0044

Method Ist Task  2nd Task  3rd Task  4th Task

STL 0.1946 0.2333 0.2143 0.1795
0.0102 0.0119 0.0110 0.0076 1st 2nd 3rd 4th
MTFL 0.1932 0.2321 0.2089 0.1821 Ist 1.0000  0.6275  0.5098  0.5936
0.0094 0.0115 0.0054 0.0078 2nd  0.6275 1.0000 0.4900  0.5345
MTGP 0.1852 0.2155 0.2088 0.1695 3rd  0.5098  0.4900 1.0000  0.7286
0.0109 0.0101 0.0120 0.0074 4th 05936 0.5345 0.7286  1.0000

MTRL 0.1688 0.1987 0.1975 0.1482
0.0103 0.0120 0.0094 0.0087

Method  Ist Task  2nd Task  3rd Task  4th Task

STL 0.1854 0.2162 0.2072 0.1706
0.0102 0.0147 0.0133 0.0024 Ist 2nd 3rd 4th
MTFL 0.1821 0.2096 0.2128 0.1681 Ist 1.0000 0.6252  0.5075  0.5901
0.0095 0.0095 0.0106 0.0085 2nd  0.6252  1.0000 0.4891 0.5328
MTGP 0.1722 0.2040 0.1992 0.1496 3rd  0.5075 0.4891  1.0000  0.7256
0.0101 0.0152 0.0083 0.0051 4th  0.5901 0.5328  0.7256  1.0000

MTRL 0.1538 0.1874 0.1796 0.1334
0.0096 0.0149 0.0084 0.0036

3.4.4 Examination Score Prediction

The school data set’ has been widely used for studying multi-task regression. It consists of
the examination scores of 15362 students from 139 secondary schools in London during the
years 1985, 1986 and 1987. Thus, there are totally 139 tasks. The input consists of the year
of the examination, four school-specific and three student-specific attributes. We replace each
categorical attribute with one binary variable for each possible attribute value, as in (Evgeniou
et al., 2005). As a result of this preprocessing, we have a total of 27 input attributes. The
experimental settings are the same as those in (Argyriou et al., 2008a), i.e., we use the same 10

random splits of the data to generate the training and test sets, so that 75% of the examples from

Thttp://www.cs.ucl.ac.uk/staff/A. Argyriou/code/
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each school belong to the training set and 25% to the test set. For our performance measure, we
use the measure of percentage explained variance from (Argyriou et al., 2008a), which is defined
as the percentage of one minus nMSE. We use five-fold cross validation to determine the values
of the kernel parameter and the regularization parameters A\; and \,. Since the experimental
setting is the same, we compare our result with the results reported in (Argyriou et al., 2008a;
Bonilla et al., 2007). The results are summarized in Table 3.4. We can see that the performance
of MTRL is better than both STL and MTFL and is slightly better than MTGP.

Table 3.4: Comparison of different methods on school data.
Method Explained Variance

STL 23.5+1.9%
MTFL 26.7£2.0%
MTGP 29.2+1.6%
MTRL 29.9+1.8%

3.4.5 Experiments on Asymmetric Multi-Task Learning

The above sections mainly focus on symmetric multi-task learning. Here in this section we re-
port some experiments on asymmetric multi-task learning. To the best of our knowledge, (Xue
et al., 2007) is the only previous work reporting results on asymmetric multi-task learning.
Since the DP-MTL method in (Xue et al., 2007) focuses on classification applications, we com-
pare it with our method on the multi-domain sentiment application. Moreover, we also make

comparison with conventional SVM which serves as a baseline single-task learning method.

All compared methods are tested under the leave-one-task-out (LOTO) setting. That is,
in each fold, one task is treated as the new task while all other tasks are treated as existing
tasks. Moreover, to see the effect of varying the training set size, we randomly sample 10%,
30% or 50% of the data in the new task to form the training set and the rest is used as the test
set. Each configuration is repeated 10 times and we record the mean and standard deviation
of the classification error in the experimental results. The results are recorded in Table 3.5.
We can see that our method outperforms both single-task learning and DP-MTL. In fact the
performance of DP-MTL is even worse than that of single-task learning. One reason is that the
relationships between tasks do not exhibit strong cluster structure, as can be revealed from the
task correlation matrix in Table 3.3. Since the tasks have no cluster structure, merging two tasks
into one and learning common model parameters for the merged tasks will likely deteriorate the
performance. Moreover, we can see that the more training data, the better the performance of

our method on each task.
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Table 3.5: Classification errors (in mean4tstd-dev) of different methods on the multi-domain
sentiment data for different training set sizes under the asymmetric multi-task setting. The
three tables record the classification errors of different methods when 10%, 30% and 50%,

respectively, of the data are used for training. Each row in a table shows the results of the
three methods when one task is chosen to be the new task. ‘STL’ represents conventional SVM
trained on the training set of the new task only. 1st task: books; 2nd task: DVDs; 3rd task:

electronics; 4th task: kitchen appliances.

New Task STL DP-MTL MTRL

IstTask  0.3013+0.0265 0.3483+0.0297 0.2781-:0.0170
2nd Task  0.307320.0117 0.334940.0121  0.2801--0.0293
3rd Task  0.267240.0267 0.293640.0274  0.2451+-0.0078
4th Task  0.234040.0144 0.25374+0.0128 0.2114--0.0208
New Task STL DP-MTL MTRL

IstTask  0.2434+0.0097 0.2719+0.0212 0.2164--0.0098
2nd Task  0.247940.0101 0.28104:0.0253  0.2120-:0.0160
3rd Task  0.205020.0172  0.230640.0131 0.18832-0.0106
4th Task  0.179940.0057 0.2141+0.0362 0.1561-:0.0123
New Task STL DP-MTL MTRL

IstTask  0.2122+0.0083 0.2576+0.0152 0.1826--0.0156
2nd Task  0.200240.0112  0.258240.0275 0.1870-:0.0151
3rd Task  0.194440.0069 0.225240.0208 0.1692--0.0107
4th Task  0.167840.0109 0.19104+0.0227 0.1398--0.0131

3.5 Application to Transfer Metric Learning

Many data mining algorithms, for example, k-means clustering algorithm and k-nearest neigh-
bor classifier, work by relying on a distance metric. In order to deliver satisfactory results,
finding a good distance metric for the problem at hand often plays a very crucial role. As such,
metric learning (Xing et al., 2002) has received much attention in the research community (Bax-
ter, 1997; Xing et al., 2002; Chang & Yeung, 2004; Weinberger et al., 2005; Davis et al., 2007;
Yeung & Chang, 2007; Chen et al., 2007; Davis & Dhillon, 2008; Yeung et al., 2008; Zhan
et al., 2009; Jin et al., 2009). Many metric learning methods have been proposed. From the
perspective of the underlying learning paradigm, these methods can be grouped into three cate-
gories, namely, supervised metric learning, unsupervised metric learning, and semi-supervised
metric learning. Supervised metric learning learns a metric for some supervised learning tasks,
such as classification, so that data points from the same class are kept close while those from dif-
ferent classes remain far apart (Baxter, 1997; Weinberger et al., 2005; Davis et al., 2007; Davis
& Dhillon, 2008; Zhan et al., 2009; Jin et al., 2009). It has also been used for regression by
exploiting the manifold structure contained in the labeled data (Xiao et al., 2009). Unsupervised
metric learning utilizes some information contained in the data to learn a metric for some unsu-

pervised learning task, such as clustering (Chen et al., 2007). Semi-supervised metric learning,
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which can be viewed as a combination of the supervised and unsupervised paradigms, utilizes
both label information from the labeled data and geometric information from the unlabeled data
to learn a good metric for classification or clustering. The need for semi-supervised metric
learning arises from the fact that the labeled data available in a number of real-life applications
is scarce because labeling data is very laborious and costly. With only limited labeled data,
the metrics learned are often unsatisfactory. Semi-supervised metric learning tries to exploit

additional information from the unlabeled data to alleviate this problem.

The focus of this work is on supervised metric learning for classification applications. How-
ever, we consider situations similar to those for semi-supervised metric learning in which there
is deficiency in labeled data. While the amount of labeled data available in one learning task
is limited, it is not uncommon that there exist other related learning tasks with labeled data
available. Unlike semi-supervised learning which exploits unlabeled data, multi-task learn-
ing (Caruana, 1997; Baxter, 1997; Thrun, 1995) and transfer learning (Pan & Yang, 2010)
seek to alleviate the labeled data deficiency problem by utilizing some related learning tasks
to help improve the learning performance. In some sense, they mimic human learning activi-
ties in that people may learn faster when several related tasks are learned simultaneously, for
example, playing different games. In essence, people often apply the knowledge gained from
some previous learning tasks to help learn a new task. Even though both multi-task learning
and transfer learning utilize information from other related learning tasks, there exist some dif-
ferences between them in both the problem setting and the objective. In transfer learning, the
learning tasks are usually classified into two types: source task and target task. It is assumed
that there is enough data in the source tasks but not in the target task. The objective of transfer
learning is to utilize the information in the source tasks to help learn the target task with no need
for improving the performance of the source tasks. On the other hand, there is no distinction
between the tasks in multi-task learning and the objective is to improve the performance of all

tasks simultaneously.

Even though there exist differences between multi-task learning and transfer learning, a cen-
tral issue common to both is to accurately characterize the relationships between tasks. Similar
to MTRL, it is a better way to learn the task relationships in the form of the task covariance ma-
trix from data automatically. In this work, we study metric learning under the transfer learning

setting in which some source tasks are available in addition to the target task.

3.5.1 Multi-Task Metric Learning

In this section, we propose a multi-task metric learning method which can learn the task rela-

tionships between all pairs of tasks.

Suppose we are given m learning tasks {7;}7,. For the ith task 7}, the training set D;
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consists of n; data points represented in the form of (x},¢), j = 1,...,n;, with x, € R? and
its corresponding class label yj- € {1,...,C;}. Here the superscript denotes the task index and

the subscript denotes the instance index in each task.

The optimization problem for multi-task metric learning is formulated as follows:

m

. 2 ;

i<k

A — A ~ =T
L))+ 23 IS + ZeEe s
=1

st. X, =0V
3 = (vee(Zy), ..., vec(E))
Q>0
() = 1 (3.28)

where y;k is equal to 1 when y; = yi and —1 otherwise, vec(-) denotes the operator which
converts a matrix into a vector in a columnwise manner, and \; and ), are the regularization
parameters. {2 is a task covariance matrix which describes the relationships between tasks and
so it is a PSD matrix. The first term in the objective function of problem (3.28) measures the
empirical loss for the training sets of the m tasks, the second term penalizes the complexity of
each 3J;, and the last term measures the task relationships between all pairs of tasks based on
each X;. The last constraint in (3.28) is to restrict the scale of €2 to prevent it from reaching a

degenerate solution.

From a probabilistic viewpoint, RDML can be seen as obtaining the MAP solution of a
probabilistic model where the likelihood corresponds to the loss in RDML and the prior on the
metric is Gaussian prior corresponding to the second term. Similar to RDML, our multi-task
metric learning is also a MAP solution of a probabilistic model where the likelihood is the same
as that in RDML for each task and the prior on the metrics of all tasks is matrix variate normal
distribution (Gupta & Nagar, 2000).

We will prove below that problem (3.28) is a convex optimization problem by proving that

each term in the objective function is convex and each constraint is also convex.
Theorem 3.2 Problem (3.28) is convex with respect to {3} and 2.

Proof
It is easy to see that the first two terms in the objective function are convex with respect to

(w.r.t.) all variables and the constraints in (3.28) are also convex. We rewrite the third term as

(=08 Zz )7,

where (¢, :) is the tth row of . Since 2(t,:)Q'X(¢,:)7 is a matrix fractional function as in
Example 3.4 on page 76 of (Boyd & Vandenberghe, 2004), it is convex w.r.t. i(t, :) and €2 when
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Q is a PSD matrix (which is satisfied by the first constraint of (3.28)). Since f)(t, 1) is a row
of 3, (¢, )7 13(t, )T is also convex w.rt. {3;} and Q. Because the summation operation
can preserve convexity according to the analysis on page 79 of (Boyd & Vandenberghe, 2004),
tr(f]ﬂ_lf]T) =3, 3(t, )72 (L, :)T is convex w.r.t. {3;} and Q. So the objective function
and the constraints in problem (3.28) are convex w.r.t. all variables and hence problem (3.28) is

jointly convex. U

Even though problem (3.28) is convex with respect to {3;} and € jointly, it is not easy
to optimize it with respect to all the variables simultaneously. Here we propose an alternat-

ing method to solve the problem more efficiently. Specifically, we first optimize the objective

function with respect to X; when € and {¥}_; &ef {%1,.. ., %1, %41,..., 2, } are fixed,

and then optimize it with respect to €2 when {3;} are fixed. This procedure is repeated until

convergence.

Because multi-task metric learning is not the focus of this work, we leave the detailed opti-

mization procedure to Appendix A.4.

3.5.2 Transfer Metric Learning

Based on the multi-task metric learning problem formulated in the previous section, we propose
a transfer metric learning formulation as a special case which can learn the task relationships
between all source tasks and the target task.

Suppose we are given m — 1 source tasks {T;}7 ' and one target task T},, for m > 1. In the

Nm
j=1-

target task, the training set contains n,,, labeled data points {(X;”, y;”) In transfer learning,
it is assumed that each source task has enough labeled data and can learn an accurate model
with no need to seek help from the other source tasks. So the source tasks are considered to be
independent since each source task does not need help from other source tasks. So, similar to
the setting in (Zha et al., 2009), we assume that the metric matrix 3J; for the ith source task has
been learned independently. We hope to use the metric matrices learned to help the learning of

the target task because the labeled data there is scarce.
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Optimization Problem

Based on problem (3.28), we formulate the optimization problem for TML as follows:

Py s G CEE AR ISl + (B0 8
s.t. X =0
Y = (vee(Ey), ..., vec(Em_1), vec())
Q=0
() = 1. (3.29)

Since we assume that the source tasks are independent and each source is of equal importance,

_ Q/Im—l W
(G )

where I, denotes the a X a identity matrix, w,, denotes the task covariances between the target

WE can express Q as

task and the source tasks, and w denotes the variance of the target task. According to the last

constraint in problem (3.29), we can get

1—w

Oé:m_l.

From Theorem 3.2, it is easy to show that problem (3.29) is also jointly convex with respect to
all variables. Moreover, from the block matrix inversion formula, we can get

Qfl :< ﬁ]:m—l W >1

T
w., w

— Im*1 a (m_ll_)im_l Omfl Imfl Omfl
—\oZ_, 1 o’ 1 al 1 )
m c

(m—1)wm and ¢ — w — (m—1)wl wpn,
1-w 1-w

where a = —

Let S, = (vec(X),...,vec(X,,_1)), which is a constant matrix here, denote the parameter
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matrix of the source tasks. Then we can get

wr(EQE)
~ T
~ by
—u( (3., zm)ﬂ* s )
I‘( ( VCC( ) (VGC(Em)T)
- T -
s, <(m—1>lm1 0., >—1 N
:tr( Vi T S )
vee(y,)" — ol 8, O, t vee(B,)T — Zlewr S
1 ere 1 1) =
:T tr(ESTES) + —||vec(X,,) — (TL )Eswmﬂg
c —

(=[S} = 20m = Dvee(S) Eywn + (m = Dou(SE,) (3:30)

w(l—w)—(m—-1wlw,

Moreover, according to the Schur complement (Boyd & Vandenberghe, 2004), we have

— DI, _
wgwmandu
—w 1l—w

m—1

Qi()(:)cuzl ~ 0

— Y

which is equivalent to

Q=0 <= wl—w)>m-—1wlw,.

Then problem (3.29) can be simplified to

. 2 m m m|2 )‘1 2 )\2 So—1al
w, om m ;g(yj,k [1- x5 — % I5,.] ) + ?HEmHF + ?tr(zﬂ 3)
s.t. =0
1—
lwyp o
— m—1-"T m

a=( it )

> = (f]s,vec(Em))

w(l—w) > (m— 1wk wn,, (3.31)

where the last term in the objective function can be simplified as in Eq. (3.30).

Moreover, compared with problem (3.29), there is no PSD constraint on {2 in problem (3.31)
making it simpler than problem (3.29). In the next section, we will discuss how to solve problem
(3.31).

Optimization Procedure

As in multi-task metric learning, problem (3.31) is a convex problem and we still use an alter-
nating method to solve it. Specifically, we first optimize the objective function with respect to
3., when w,, and w are fixed, and then optimize it with respect to w,,, and w when 32,,, is fixed.

In what follows, we will present the two subproblems separately.
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Table 3.6: Online learning algorithm for Problem (3.32)

Input: labeled data (x7", y7") (j = 1,...,n,), matrix M, A}, \; and predefined learning rate 7

fort=1,...,7T,,,. do
Receive a pair of training data points {(x}*, y7"), (X, yi') }3
Compute y: y = 1if yj* = y;", and y = —1 otherwise;
if the training pair (x7", x}"), y is classified correctly, i.e., y(1 — [|x7" — x|, ) > 0

Initialize £ = 22M;
1

==
27(2) — 2%—1);
elseif y == —1
55 = B0V Gt — X (<7 - X"
else

into the positive semidefinite cone;
end if
end for

0 = 7g, (E(t’l) —n(x™ — x)(xT — XZL)T> where g, (A) projects matrix A

Output: metric 25,7{ maz)

Optimizing w.r.t. 3, when w,,, and w are fixed

Utilizing Eq. (3.30), the optimization problem with respect to 32, is formulated as

. 2 m m m||2 >\/1 2 T
Tgnn m j;g(yj,k [1 - HXj - Xg Hzm} ) + 7’|2m”F - )\IZtr(EmM)
S.t. X, =0, (3.32)
where
)\2(1 — (,U)
o=\
! 1+w(1—w)—(m—1)w%wm’
)\,2 _ )\g(m — 1) ’

w(l—w)—(m—1wlw,,

M is a matrix such that vec(M) = ¥, w,,. It is easy to show that M is a combination of

¥, (i=1,....m—1)asM = Z;i_ll wim; 23 where w,,,; is the ith element of w,,,.

Similar to (Jin et al., 2009), we can use an online learning method to solve problem (3.32)
and the algorithm is depicted in Table 3.6. This algorithm is similar to that in (Jin et al., 2009)

except the initial step for (%) In (Jin et al., 2009), the initial value for X is a zero matrix

but here it is ;—%M Note that M is a combination of the metrics learned from the source tasks
where each combination weight is the task covariance between a source task and the target task.
This agrees with our intuition that a positively correlated source task will have a large weight
on the initial value for 32,,,, an outlier task has negligle contribution and a negatively correlated
task even has opposite effect.
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Optimizing w.r.t. w,,, and w when X, is fixed

Utilizing Eq. (3.30), the optimization problem with respect to w,,, and w is formulated as

minQ tr(f)ﬂ_lf)T)
1—
_UJI 1w
— —1m m
s.t Q= ( Wl " )

Lo, (3.33)

) ) ~ =T
We impose a constraint as 32 Iy <

the Schur complement, we can get

- - 1 SY
S8 <y [ 20X )0
¢ 5 1

By using the Schur complement again, we get

~ T
X ) g0 5"Sxo0.
S

We write iTi = ( ngl \é,’;j > where ¥, € R»=Dx(m=1) g, ¢ Rm=Dx1 apnd Uy, € R.
12

Then 2 — ti]Til > 0 is equivalent to

1—
wIm—l —t¥;; =0
m_

1—w !
w— W > (W, — tWy,)" (m — 1Im—1 — t‘I’n) (wp, — tW12).

Let Uand Ay, ..., \,_1 denote the eigenvector matrix and eigenvalues of W; with \; >
Am—1 = 0. Then
1— 1—
UL, — Wy = 0 = — 2 > At
m — m—1
and
1— -1 1— 1—
YL, —tP,) =Udiag(— % —tA\,...,— — A, UT.
m—1 m—1 m—1
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Combining the above results, problem (3.33) is formulated as

min —t
Wm,w,f,t
1—
S.t. v Z t/\l
m—1
f=UT(w, —tP¥)
m—1 2
J <w— t\IIQQ
1—w —
Pl S Y
w1l —w) > (m— 1wl w,, (3.34)
where f; is the jth element of f. By introducing new variables h; and ; (j = 1,...,m — 1),
(3.34) is reformulated as
min —t
wm w,f,t,{h;},{r;}
]_ _
s.t. Y >t
m—1
f= UT(wm — t‘I’lg)
m—1
hj S w — t\PQQ
j=1
1—w
T = 1~ tA; V3
2
L < h;Vy
Tj
w(l—w) > (m—1)w?! wy,. (3.35)
Since
2 _ , .
L <h = ‘i]h < it hy
T J 5 J ) 2
and
vm — lw,,
T w—1 w+1
w(l—w)>(m-— 1w, w, < = < 5

w 2

problem (A.9) is a second-order cone programming (SOCP) problem (Lobo et al., 1998) with
O(m) variables and O(m) constraints. In many applications, m is very small and we can use a

standard solver to solve problem (A.9) very efficiently.

We set the initial value of w to % and that of w,,, to a zero vector which corresponds to the

assumption that the target task is unrelated to the source tasks.
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After learning the optimal values of 3J,,,, we can make prediction for a new data point. Given
a test data point x}* for the target task 7,,, we first calculate the distances between x7* and all
training data points in 7;,, based on the learned metric 3,, and then use the k-nearest neighbor

classifier to classify x7*, where we choose k£ = 1 for simplicity in our experiments.

3.5.3 Experiments

We study TML empirically in this section by comparing it with two metric learning methods,
ITML? (Davis et al., 2007) and RDML (Jin et al., 2009), and another metric learning method
for transfer learning, L-DML (Zha et al., 2009). We use the CVX solver (Grant & Boyd, 2008)°
to solve problem (A.9). We set the learning rate 7) in Table 3.6 to 0.01. For ITML, RDML and
L-DML, the best parameters reported in (Davis et al., 2007; Jin et al., 2009; Zha et al., 2009)

are used.

Wine Quality Classification

The wine dataset'”

is about wine quality including red and white wine samples. The features
include objective tests (e.g., PH values) and the output is based on sensory data. The labels
are given by experts with grades between 0 (very bad) and 10 (very excellent). There are 1599
records for the red wine and 4898 for the white wine and so there are two tasks, one for red wine
classification and the other for white wine classification. Each task is treated as the target task
and the other task as the source task. To see the effect of varying the size of the training set, we
vary the percentage of the training data used from 5% to 20%. Each configuration is repeated 10
times. The mean and standard deviation of the classification accuracy are reported in Fig. 3.3(a)
and 3.3(b). From the results, we can see that the performance of L-DML is comparable with

that of ITML and RDML and TML is always the best one for both tasks.

Handwritten Letter Classification

The handwritten letter classification applicaton!! consists of seven tasks where each task is a
binary classification problem. The corresponding letters for each task are: c/e, g/y, m/n, a/g, a/o,
f/t and h/n. Each data point has 128 features corresponding to the pixel values of the handwritten
letter images. For each task, there are about 1000 positive and 1000 negative data points. The

experimental settings are the same as those for wine quality classification above. The results

8The implementation of ITML can be found in http://www.cs.utexas.edu/users/pjain/itml/.
“http://stanford.edu/~boyd/cvx

1Ohttp://archive.ics.uci.edu/ml/datasets/Wine+Quality

http://multitask.cs.berkeley.edu/
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Figure 3.3: Overall performance on wine quality classification application.

are plotted in Fig. 3.4(a) to 3.4(g). From the results, we find that the performance of L-MDL is
worse than that of ITML and RDML on some tasks (4th, 6th and 7th tasks). This may be due to
the fact that the objective function of L-MDL is non-convex and hence it is easy to get trapped

in bad local minima. TML shows the best performance on almost every task.
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Figure 3.4: Overall performance on handwritten letter classification application when one task
is the target and the others are source tasks.

USPS Digit Classification

The USPS digit dataset'! contains 7291 examples each of 255 features. There are nine classi-
fication tasks, each corresponding to the classification of two digits. The experimental settings
are the same as those for handwritten letter classification. The results are reported in Fig. 3.5(a)
to 3.5(i). Similar to handwritten digit classification, L-MDL is worse than ITML and RDML

on some tasks and TML is better than other methods on almost all tasks.
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Figure 3.5: Overall performance on USPS digit classification application.

3.6 Concluding Remarks

In this chapter, we have presented a probabilistic approach to learning the relationships between

tasks in multi-task learning. Our method can model global task relationships and the learning

problem can be formulated directly as a convex optimization problem by utilizing the matrix

variate normal distribution as a prior. We study the proposed method under both symmetric

and asymmetric multi-task learning settings. By utilizing a similar idea, we propose a transfer

metric learning method where the relationships between the source tasks and the target tasks as

well as the distance metric in the target task can be learned in a convex regularized objective

function.
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CHAPTER 4

MULTI-TASK GENERALIZED r PROCESS

4.1 Introduction

Bonilla et al. proposed a multi-task GP model (Bonilla et al., 2007) which uses a task covariance
matrix to model the relationships between tasks. The advantage of using a task covariance
matrix is that it can model not only tasks with positive or zero correlation but also tasks with
negative correlation. Moreover, since the model is very similar to conventional GP regression
models, it can make inference as efficiently as other GP models. Despite these advantages, the
model does have some drawbacks. For example, since the task covariance matrix is learned
in a nonparametric manner, the computational cost will be very high if there exist many tasks
because the task covariance matrix will be very large. To overcome this problem, Bonilla et
al. resorted to a low-rank approximation of the task covariance matrix. While this scheme can
partially address the computational concern, the expressive power of the (approximated) task
covariance matrix may be impaired. Moreover, since the log-likelihood in (Bonilla et al., 2007)
is non-convex with respect to the task covariance matrix (or its low-rank decomposition matrix),
there may exist many local extrema and so there is no guarantee of finding the globally optimal

solution even when sophisticated optimization methods are used.

In this chapter, we propose a Bayesian model to address the problem via Bayesian model
averaging. Instead of treating the task covariance matrix as a fixed parameter matrix that is
estimated using point estimation, we model it as a random matrix with an inverse-Wishart prior
and integrate it out for the subsequent inference. However, since directly integrating out the
task covariance matrix is computationally difficult, we first give an alternative weight-space
view of the model in (Bonilla et al., 2007) and then integrate out the task covariance matrix in
the model, leading to a multi-task generalized ¢ process (MTGTP). Unlike the model in (Bonilla
et al., 2007), we adopt a generalized ¢ noise model for the likelihood which, together with the
generalized t process prior, not only has the robustness advantage but also leads to an analytical
form for the marginal likelihood (or model evidence). In order to specify the inverse-Wishart
prior, we use the maximum mean discrepancy (MMD) statistic (Gretton et al., 2006) to estimate
the parameter matrix of the inverse-Wishart prior. Moreover, we investigate some theoretical

properties of MTGTP, such as its asymptotic analysis and learning curve.
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4.2 Multi-Task Generalized ¢ Process

In this section, we propose an extension to (Bonilla et al., 2007) via Bayesian model aver-
aging (Gelman et al., 2003) by integrating out the task covariance matrix X for the subsequent
inference. Our model also uses MMD, as in (Bonilla et al., 2007), but for learning the parameter

matrix of the prior distribution for the task covariance matrix.

4.2.1 A Weight-Space View of Multi-Task Gaussian Process

Before we present our model, we first give a weight-space view of the multi-task GP model

in (Bonilla et al., 2007). This alternative view will be very useful for our subsequent derivation.

Recall that GP has an interpretation from the weight-space view (Rasmussen & Williams,

2006). Here we also give a weight-space view of the multi-task GP model in (Bonilla et al.,
2007):

y; = wi o(x)) + €]
W = [wyi,...,Wn] ~ MN g xm(0gxm, Lo @ %)
e ~ N(0,07), (4.1)

where ¢(-), which maps x € R? to ¢(x) € R? and may have no explicit form, denotes a
feature map corresponding to the kernel function %(-, -). The equivalence between the model
formulations in (3.26) and (4.1) is due to the following which is a consequence of the property
of the matrix variate normal distribution:!

def

13 = 005) Wi = 6(x)) Wey, ; ~ N(0, 33k (x5, X)) (4.2)

(fi, [0 = / qb(x;)TWemJeaTWTgb(xg)p(W)dW = Nik(x,x7), 4.3)

where e, ; is the ith column of L,,,. The weight-space view of the conventional GP can be seen
as a special case of that of the multi-task GP with m = 1, under which the prior for W in (4.1)
will become the ordinary normal distribution with zero mean and identity covariance matrix by

setting 3 = 1.

4.2.2 Our Model

Since the random matrix 3 is positive semidefinite, we place an inverse-Wishart prior on it:

S~ IWo (v, ), (4.4)

IThe proofs for the following two equations can be found in Appendix B.
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where the probability density function for ZW,,, (v, ¥) is

|\I’|V/2 |E|—(m+1/+1)/2 e tr(¥D71)/2

omv/2T, (1/2)

Note that it is computationally not easy to integrate out 3 in (3.26) with the inverse-Wishart
prior in (4.4). This is where the alternative weight-space view in (4.1) can play an important

role in making Bayesian model averaging possible.

Since W | X ~ MN gxm (04 sem, Iy ® ) and 3 ~ ZW,, (v, ®), then according to (Gupta
& Nagar, 2000) we can get

(W) = / P(WIE)P(E)IE = MT s (v, O L © B).

Then, from the property of matrix variate ¢ distribution, we can get

f; = ¢(Xi)TWi = Cb(X;)TWGm,i ~t(v, 1,0, ‘I’uk’(xl Xi‘))>

J Jr

where W;; is the (i, j)th element of ¥ and ¢(v, w, m, X) denotes the univariate or multivariate
generalized ¢ distribution (Arellano-Valle & Bolfarine, 1995). The probability density function
of the generalized ¢ distribution #(v,w, m, X) for a random variable x € R? is

I'((v+d)/2) 1 —(v+d)/2

1+ —(x—m)’2 Hx— 4.5
rr e L T M) E e m) ! >

where I'(-) denotes the gamma function. When v = w, the generalized ¢ distribution reduces to
the ¢ distribution. From (4.5), we can see that the probability density functions of ¢(v,w, m, )
and t(v, 1, m,wX) are the same. Moreover, the generalized ¢ distribution can be viewed as a
special case of the matrix variate ¢ distribution. The following property of the generalized ¢

distribution is easy to obtain using the property of the matrix variate ¢ distribution.

Proposition 4.1 Let x ~ t(v,w, m,X), then

cov(x) = %E forv > 2.
V j—

Moreover, from Theorem 4.2.1 in (Gupta & Nagar, 2000), W can be represented as W =
S~1/2Z where the two random variables S ~ Wy (v+d —1,1y) and Z ~ MN gy (04 sm, Lo ®
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W) are independent. Then we get
3o2) = [ [ o) st ocp(w (. ) dwidw,
= [ 60)" Wey e, W o(x)p(W)aW
= [ [ o) oz, 6k, 28 ol p(Z)p(S) 25

v, / H(x) TS g(x])p(S)dS

Wk (x, x7)

v—2

(4.6)

where the last two equations hold because of the properties of the matrix variate normal distri-

bution and the Wishart distribution.? So the prior for f = (f{,..., f7* )T is formulated as’
£~ t(,1,000, K). 4.7)

The element in K corresponding to xé- and x, is equal to \Ifl-rk(x;, x"). Since the generalized ¢
distribution has the consistency property (Arellano-Valle & Bolfarine, 1995), the prior for f is

the generalized ¢ process.

Definition 4.1 (Generalized t Process) A random, real-valued function f : RY — R is said

to follow a generalized t process with degrees of freedom v and w, mean function h(-) and

covariance function (-,-), if for any positive integer N and any xi,...,Xy € R% f =
(f(x1), ..., f(xn)T ~ t(r,w,h,K) whereh = (h(x1),..., h(xy))" and K = [k(x;, ;)|

In our case, the mean function A(-) is the zero function.

We use the generalized ¢ noise model for the likelihood, i.e., for yj.,

Yol fi~t(w, 1, fl07).

The purpose for this choice is two-fold: to make our model more robust against outliers and
to obtain an analytical form for the marginal likelihood in regression problems, as we will see

later. We can then get the likelihood fory = (yi,...,y» )" as
y|f~t1,f D), (4.8)

where D denotes a diagonal matrix in which each diagonal element is o if the corresponding

data point belongs to the ith task.

2The proof can be found in Appendix B.

3Since the probability density functions of ¢(v, 1, m, K) and ¢(v,w, m, %K) where w # 1 are the same, the
expressive power of our model is the same as that with w # 1.
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It is not easy to integrate out f to obtain the marginal likelihood though and so we take an

alternative approach. We rewrite the model as

y=~Ff+e
f~t(r1,0,,K)
e ~t(r,1,0,,D)
fle,

where f_| € means that the two random variables f and e are independent of each other. Since f

and € are independent, then according to the property of the generalized ¢ distribution, we can

f K Onxn
(o) =e(mom (o, %))

y:f—i—s:(In,In)(f>,

get

Since

€

then according to the property of the generalized ¢ distribution, we can get
y ~t(v,1,0,, K+ D), 4.9)

which is the marginal likelihood.

To see the relation between MTGTP and the proposed framework in section 1.3, we rewrite

the model as

W~ MT axm(V, 04w, Iy @ )

i Toi 2
y; W~ ty,1,w; xj,07).

So MTGTP is a special case of the proposed framework with matrix variate ¢ prior and ¢ like-
lihood. Different from MTRL, we propose a Bayesian model by integrating out W to achieve

Bayesian model averaging.

4.2.3 Parameter Learning and Inference

The negative log-likelihood of all data points can be expressed as

I'((v+mn)/2)

T(v/2) + Const. (4.10)

1
= [(1/ +n)ln(1+y"(K+D)'y) +In|K+DJ|| —In

When n is large, T'((v 4+ n)/2) is very large and so the calculation of I'((v + n)/2) may be

numerically unstable. By utilizing the fact that n is an integer and a property of the gamma
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function that I'(z + 1) = 2I'(2), we get the following simplification:

In _F((V +n)/2) - Z;;/g_l In(v/2 + 1) if n is even

We use a gradient method to minimize [ in order to estimate the optimal values of {0}, v and
0, which contains the kernel parameters in the kernel function k(-, -) and the parameters in the
parameter matrix for the inverse-Wishart prior of 3. In our implementation, we use In o, In v/
and In 0;, where 6; is the jth element in 6, as the optimization variables because {o;}, v and
{0;} have to be positive. The gradients of the negative log-likelihood with respect to In oy, In v

and In 6; can be computed as:

l - - - .
0 " KKl VIR Ry TR I;}
Jlno; 1+ yTK-ly
N (R L
Olnd; 2 1+ yTK-ly 0,
ol v .
Olnv 9 [ln <1 + yTK 1y> —9(n, U)] ’
where
2?2/(2)71 ,,/;H if n is even
g(n,v) =
’4/} ((V + 1)/2) (V/Q) + Z m OtheI‘WiSC.

Here ¢ (-) is the digamma function, K=K+ D, and Iﬁl denotes an n x n diagonal 0-1 matrix
where a diagonal element is equal to 1 if and only if the data point with the corresponding index
belongs to the :th task.

Suppose we are given a test data point x’ for the ith task and we need to determine the

corresponding output ¢'. From the marginal likelihood calculated in Eq. (4.9), we get

y K+D ki
<yi) t(l/,l,on—i—h( (ki>T \I’“/{Z( X, *)—I—U ))7

where k! = (W;1k(xL,x1), ..., U;k(xt,x" ))T. Then, from the property of the generalized ¢
distribution, the predictive distribution p(y* | i X, y)is t(n+v,1+y Kty mi, pi) with

= (ki)TK‘ly @.11)
ph= Tuk(x,x!) +oF — (ki) "K'k, (4.12)

where K = K + D.
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4.2.4 The Choice of W

The parameter matrix W contains prior information about the relationships between tasks. Here
we use the maximum mean discrepancy (MMD) in (Gretton et al., 2006) to measure the task
relationships. MMD is a nonparametric test statistic with a simple intuitive form which has been
found to be quite powerful in its test performance compared to other test criteria. Moreover,
since MMD is defined based on some kernel, it is easy to use it with GP and ¢ processes.
In (Gretton et al., 2006), the distance between the sample means of two distributions was used
to measure the distance between the two distributions. Here we use it to measure the distance

between two tasks instead. Specifically, the (squared) distance between the sth and jth tasks is

=L - - S
b k=1 7 =1

where ¢'(-) denotes the feature map corresponding to a universal kernel &'(-, -). Then, accord-

given by

ing to the relationship between a distance matrix and a kernel matrix as in multidimensional

scaling (Williams, 2000), we can get
¥ = HY'H,

where H =1, — %1m1;{1 is the m X m centering matrix and the (i, j)th element of ¥’ is
n

W, = (%waﬁ;)) (ni Zfb’(X?)) S ) DR
b k=1 =1 ¢

k=1 l=1

So the kernel function used in MTGTP is kyr(x), xP) = Wi k(x?, xP).

4.2.5 Discussions

The marginal likelihood in our model has the analytical form given in Eq. (4.9) which facilitates
solving the model selection problem. This nice property can be attributed to the assumption in
our model that the prior and the likelihood are both generalized ¢ distributions with the same
number of degrees of freedom v. It is possible to relax this assumption by allowing different
numbers of degrees of freedom, but more sophisticated techniques such as EM have to be used
to learn the model parameters. To reduce the computation cost, we just adopt the assumption
in this chapter to work with the nice analytical form. Moreover, for other likelihood models
such as probit likelihood for classification problems, we need to resort to sampling methods
or approximation methods such as Laplace approximation, variational method or expectation

propagation.

The task relationship such as task covariance can be found in (Bonilla et al., 2007). In our

model, it is also easy to find the task covariance if we so wish. After obtaining the optimal
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W, we can find the task covariance matrix based on the MAP framework. Moreover, using the
inverse-Wishart prior, the size of the search space for the task covariance matrix is reduced and

hence the optimal task covariance matrix can be found more efficiently.

The complexity of our algorithm is O(n?), which makes it unfavorable for large-scale appli-

cations. To address this problem, we use the Nystrom approximation of K in the marginal like-
lihood of Eq. (4.9) and the negative log-likelihood of Eq. (4.10), that is, K ~ KY¥K K Kr
where I indexes r (< n) rows or columns of K. Then we can compute (K + D)~! using the

Woodbury identity
(K+D) '~ (K+D)'=D"'-D'K(K;; + K, D 'K, 'K, D

Note that D is a diagonal matrix and so D~! can be computed very efficiently. Moreover,

|K + D| can be approximated as
K +D|~ K+ D|
= |D||L, + D":K /K, K;D" 7|
=D||L, + K,/ K. D 'K,]|.

In other words, this can be reduced to the calculation of the determinant of an r x r matrix but

not that of the original n x n matrix, which is much larger.

4.3 Theoretical Analysis

There exist some previous research works on the asymptotic analysis and learning curve of GP,
e.g., (Opper & Vivarelli, 1998; Sollich, 1998; Williams & Vivarelli, 2000; Sollich & Halees,
2002). For the ¢ process as well as generalized ¢ process, however, we are not aware of any such
previous effort. In this section, we wish to fill this gap by analyzing the multi-task generalized ¢
process t(v,w, h, K). The property of the multi-task ¢ process can be obtained by setting w = v/

and that of our model by setting w = 1.

4.3.1 Asymptotic Analysis

We first analyze the asymptotics of the MTGTP model for regression when the data set sizes
n; — oo fori = 1,...,m. The predictive mean for MTGTP in Eq. (4.11) can be obtained as
the function which minimizes the functional

ng

1 | : .
T = ShlE+ D 5 D 5 — h(x))?, (4.13)

i=1 " j=1
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where |||z is the RKHS norm corresponding to the kernel k7. This follows from the
representer theorem which states that each minimizer h € H of J[h] has the form h(x) =

Doy D05t alkyr(x,x5). Let pu(x, y) be the probability measure of the RKHS from which the

data points (X;-, y;) are generated.* We consider a smoothed version of Eq. (4.13) as follows:

m ng

Tulh] = Sl + B[ S oy S — b))

i=1 1 j=1

Observe that

u[i ()~ h(x))?] (4.14)

L—

[0 = he02dut) + [ =P y)]. @1

where 1(x) = E[y|x] is the regression function corresponding to y(y|x) and the cross term van-
ishes because of the definition of 77(x). Note that the second term in Eq. (4.15) is independent

of h and so minimizing J,[h] is equivalent to minimizing the following equation:

7= (3 o) [ ) = o) )+ Gl

i=1

We assume the kernel k7 is non-degenerate so that the eigenfunctions {1;(x)} form a com-

plete orthonormal basis, that is,

/ i)y (X)) = 8, 5),

where 0(i, 7) is the Kronecker delta function. Let \; be the eigenvalue corresponding to 1;(-).
We can write h(x) = Y >, hjth;(x) and n(x) = > 7, n;4;(x). Then J,[h] can be reformulated

as

Rl )

B = (25 S =+ 3 S

k=1 i=1 !
Differentiating it with respect to h;, we can get

Ai

Ai +1/( k:lg_%)

So when n; — oo, h; will converge to 7; and hence h(x) will converge to 7(x).

4Since the task differences are captured by the kernel kj;r, data points for different tasks can be generated
from the same probability measure.
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4.3.2 Learning Curve

Next we consider the generalization bound of MTGTP. It is also referred to as the learning curve
which relates the generalization error of a learning model to the amount of training data used.
We assume that the data was actually generated from a generalized ¢ process, similar to that for
GP in (Opper & Vivarelli, 1998; Sollich, 1998; Sollich & Halees, 2002). Given a test data point
x' for the ith task, the prediction for x’ can be calculated using Eq. (4.11) and the Bayesian
prediction error for the ¢th task on the training set D,, (which contain n; data points for the ith

task) can be calculated as

eh, () & E, W - 1)K y) 1

= B[] - 20<) K Elyly] + (R K (k) TR Elyy”)
= [kl x) +of — (1) TR K
I/ —

where y¢ denotes the ground truth of the output value for x°. Recall that the eigen-decomposition
of knr is karr(x,X') = D772, A\jabj(x)1;(x'). So the generalization error for the ith task with

respect to the training set D,, can be calculated as

def

E.[ep, (x})]

- i 9 [Elkyr(x.,x.)] + 07 —tr (K+ D) 'E[kL(k)"])] .

€p,

Let A denote a diagonal matrix whose (j, j)th element is \; and €2 be a matrix whose (r, s)th

element corresponding to x? is 1, (x). Then
Bl ()] = [ 32 At 600 () = )
j=1
and the (a, b)th element of E[k! (k’)”] corresponding to x? and x}, is equal to
[ A 00) D Nt ) = D N ) )
j=1 k=1 J=1

and so E[k!(k!)"] = Q"A’Q. It is easy to show that K = Q"AQ and then %, can be

simplified as

gy =—t - [o? +u(A) - ((Q7AQ + D)1 Q7 A%Q)]

S 5 lof (A7 +ap'a") )], (4.16)

The last equation holds as a consequence of the Woodbury identity. We introduce a lemma

from (Opper & Vivarelli, 1998) which is useful for deriving the bound for aiDn.
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Lemma 4.1 Let H be a real symmetric matrix and f be a real convex function, thentr(f(H)) >
> f(Hyy) where Hyy, is the (k, k)th element of H.

Here f is defined as the multiplicative inverse of a positive scalar or matrix inverse of a positive
definite matrix. Then
r(A+oDen) ) > L >y !
r — 1 Q2. = L + 1% zm ni !
k E + Zl 0_2 k )\k k =1 o‘i2

T(4)

where v, = sup, p17(x) by assuming that all n data points lie in a compact region R and 7'(i)
is the task indicator for the 7th data point. Then we can get the generalization bound for a fixed
training set as

)
€p, =
Dn V—2

1
2
O’i—l-E |
%k+ukzj_lg—;z_]

Based on this, we get the average-case bound for the sth task as

o} + m ;
Z +//Lk2] ]__]%]

k>\k

where 1, = E[)2(x)] = 1. So the average-case generalization bound is

0+Z +Z]1 ]

k/\k

612

Similar to (Sollich & Halees, 2002), we give here an upper bound on the learning curve.

It is useful to see how the matrix G = (A" +QD~1Q")~! changes when a new data point
from the ith task is added to the training set. The change is

G(n)pp"G(n)
o} + ¢TG(n)g

Gn+1)—G(n) = [G’l(n) + aﬁ(pgaT]_l — G(n) = —

where ¢ is a column vector with the ith element 1);(x’) and x! is the newly added data point
from the ¢th task. To get the exact learning curve, we have to average this change with respect
to all training sets that include x¢. This is difficult to achieve though. Here we ignore the
correlation between the numerator and denominator and average them separately. Moreover,

we treat n as a continuous variable and get

PH() _ EGHn)
on o? +tr(H(n))’
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where H(n) = E[G(n)]. We also neglect the fluctuations in G(n) and then get E[G?(n)] =

H?(n). So we can get

OH(n) H?(n)
on o? + tr(H(n))
P — (o 1) = (02 4 () 'L

Since H1(0) = A™', H *(n) = A" + o, ?n'I where n’ needs to obey the following

Do 2n! 1 1

? — —

on o4+ u(Hn) oF+u (A +o0,20D))’

which is equivalent to

a /
S (A +o07nD) Mo

on’
— =1
on

" on
By integrating both sides, we can see that n’ satisfies the following equation

n' + Z In(n' + o7 A7) = n.
J

Then we can get the upper bound as

£hp = ,/012 [o7 +tur (A" + 0,20 D))

4.4 Related Work

Some multi-task learning methods based on GP were previously proposed. Lawrence and Platt
(2004) adopted the assumption that all tasks share the same kernel parameters in a GP and learn
the GP from multiple tasks. The same assumption was adopted in (Schwaighofer et al., 2004; Yu
et al., 2005) but the difference is that the kernel matrix in the GP is learned in a nonparametric
manner. Since there may exist outlier tasks among the tasks in real-world applications, the
assumption that all tasks share the same kernel parameters or data representation may not hold
well. To reduce the adverse effect of the outlier tasks, Yu et al. (2007) proposed a robust
version of the method in (Schwaighofer et al., 2004; Yu et al., 2005) using a ¢ process. Bonilla
et al. (2007) proposed to use a task covariance matrix to model the relationships between tasks,
making it capable of modeling tasks with positive, zero or negative correlation. Teh et al.
(2005) proposed a semiparametric latent factor model for multi-output regression problems, a
special case of multi-task learning, in which the latent function values are modeled as linear

combinations of multiple GP priors.
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As GP is not very robust against outliers, some recent attempts have been made based on a
(heavy-tailed) ¢ process which can be seen as a robust extension to GP. One of these is (Yu et al.,
2007) as discussed above. Zhang et al. (2007) proposed a ¢ process for multi-output regression
problems in which the priors of the latent function values are modeled by a matrix variate ¢
distribution. Zhu et al. (2007) also proposed a multi-task ¢ process which is a Bayesian extension
of (Schwaighofer et al., 2004). As such, it inherits the same assumption of (Schwaighofer et al.,
2004) that all tasks share the same representation. Moreover, the model in (Zhu et al., 2007) is
more suitable for multi-output problems since it models the function values of a data point for

all tasks, which is not needed in the general multi-task learning setting.

4.5 Experiments

In this section, we evaluate our MTGTP model on two applications. The first one is the pre-
diction of student examination scores. The goal is to predict the examination scores of students
in a school (task). The second application is the learning of the inverse dynamics of a robot
arm. The goal is to predict the joint torques of a robot arm from the joint angles, velocities and

accelerations.

The performance measure we use is the normalized mean squared error (nMSE), which is
the mean squared error divided by the variance of the target. It is equal to 1 minus the percentage
explained variance (Argyriou et al., 2008a), which is often used as a performance measure in
multi-task learning. Both the kernel &(-,-) and the universal kernel &/(-, -) for MMD are RBF
kernels. We use Carl Rasmussen’s implementation (minimize .m)> of a gradient method to
optimize the marginal likelihood to learn the model parameters. We compare MTGTP with
single-task learning based on GP%, multi-task feature learning (MTFL)’ (Argyriou et al., 2008a)
and multi-task GP (Bonilla et al., 2007). Even though there exist some methods based on the ¢
process (Yu et al., 2007; Zhang et al., 2007; Zhu et al., 2007), they mainly focus on multi-output
problems and it is difficult to extend them to more general multi-task learning problems. Thus

we do not include them in this comparative study.

4.5.1 Examination Score Prediction

The description for this application is depicted in section 3.4.4. We randomly select 10%, 20%
and 30% of all the data to form training sets of different sizes. Data not selected for training

form the test set. Each configuration is repeated for 10 trials and we record the mean and

Shttp://www.kyb.tuebingen.mpg.de/bs/people/carl/code/minimize/
®http://www.gaussianprocess.org/gpml/code/

"http://www.cs.ucl.ac.uk/staff/A. Argyriou/code/
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Table 4.1: nMSE (in mean+std-dev) on examination score prediction for different training set

S1Zes.
Training Set | Single-Task GP |  MTFL | Multi-Task GP |  MTGTP |
10% 1.001540.0267 | 0.9570+0.0057 | 0.8955+0.0968 | 0.6700+0.0037
20% 0.8897+0.0127 | 0.8409+0.0095 | 0.8502+0.0972 | 0.65124-0.0033
30% 0.8234:£0.0110 | 0.82600.0082 | 0.8094+0.0886 | 0.64124-0.0031

Table 4.2: nMSE (in mean4std-dev) on inverse dynamics learning for different training set

S1Z€s.
| Training Set | Single-Task GP |  MTFL | Multi-Task GP |  MTGTP |
100 0.4920+£0.0027 | 0.09760.0073 | 0.2483+0.0124 | 0.0456+-0.0043
200 0.4903+0.0018 | 0.0883+0.0075 | 0.2491+0.0154 | 0.0290+0.0050
300 0.4903+0.0019 | 0.0797+0.0072 | 0.24420.0050 | 0.021240.0038
400 0.4884+0.0016 | 0.0733+0.0040 | 0.2434-£0.0033 | 0.0161+0.0055
500 0.4891+0.0032 | 0.0749+0.0044 | 0.24530.0061 | 0.01384-0.0038

standard deviation in each entry of Table 4.1. The best results® are shown in bold. We can see
that MTGTP outperforms single-task GP, MTFL and multi-task GP. From the last column of

Table 4.1, the performance of MTGTP is better when the training size becomes larger.

4.5.2 Robot Inverse Dynamics

The description for this application as well as the data is recorded in section 3.4.2. We randomly
select p € {100,200, 300,400,500} data points for each task to form the training set and 2000
data points for each task for the test set. We perform 10 random splits of the data and report
the mean and standard deviation over the 10 trials. The results are summarized in Table 4.2
where the best results are shown in bold. From the results, we can see that the performance of
MTGTP is also significantly better than that of the other methods compared. According to the
performance of MTGTP under different configurations, we get the conclusion that the more the
data, the better the performance of MTGTP.

4.6 Concluding Remarks

In this chapter, we have proposed a novel Bayesian extension of the model in (Bonilla et al.,
2007) to alleviate some problems that arise when estimating the task covariance matrix. By
integrating out the task covariance matrix, our model is as efficient as the conventional GP and

its performance is significantly better than that of (Bonilla et al., 2007).

8Since the standard deviation is so small, the improvement is clearly very significant under significance testing.
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CHAPTER 5

MULTI-TASK HIGH-ORDER TASK
RELATIONSHIP LEARNING

5.1 Introduction

The task relationship learning approach based on a task covariance matrix is a promising ap-
proach because it considers more general types of task relationships than those exploited by
previous methods. Specifically, not only can two tasks be positively correlated or unrelated,
they can also be negatively correlated. Moreover, the task relationships are learned from data
automatically but not prespecified and fixed based on possibly incorrect assumptions. Never-
theless, the existing task relationship learning methods (Bonilla et al., 2007; Zhang & Yeung,
2010a; Zhang et al., 2010) only model and learn pairwise task relationships. Some relationships
between tasks found in real applications may be more complicated than what pairwise relation-
ships can characterize. For example, it is possible for two tasks to appear uncorrelated when
considering pairwise relationships, but their partial similarity can be revealed by considering
high-order task relationships after incorporating a third task which is positively correlated with
the two tasks. This motivates us to explore the use of high-order task relationships for multi-task

learning.

We first briefly review an existing task relationship learning method and propose an alter-
native formulation of the model based on a matrix variate probability distribution. The new
formulation allows us to generalize, though in a nontrivial way, the use of pairwise task rela-
tionships to high-order task relationships, leading to a new prior for the model parameters of
different tasks. We then propose a new model which we refer to as Multi-Task High-Order

relationship Learning (MTHOL). Experiments on some benchmark datasets are reported.

5.2 High-Order Task Relationship Learning

In this section, we present our method for modeling and learning high-order task relationships

in the context of multi-task learning.

Let there be m supervised learning tasks and 7; denote the ¢th learning task. The training
data for T} is represented by a set of n; independent and identically distributed (i.i.d.) input-

output pairs {(xé, y;)};;l We assume that each input X§- € R? and its corresponding output
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y§ € R for a regression task and y} € {—1, 1} for a binary classification task. For both regres-
sion and classification tasks, we consider linear functions in the form f;(x) = w} x + b; for the
ith task T;.

5.2.1 Generalization of an Existing Method

All existing multi-task learning methods that learn the relationships between tasks only exploit
pairwise relationships. We first briefly review a recently proposed method, called Multi-Task
Relationship Learning (MTRL) (Zhang & Yeung, 2010a), which belongs to this category of
multi-task learning methods. The brief review also serves the purpose of introducing the nota-
tion to be used later in the chapter. We then propose a novel extension of MTRL for modeling

and learning high-order task relationships.

Let the random matrix W = (w7, ..., w,,) denote the model parameters for all m tasks. In

MTRL, a matrix variate normal prior is placed on W:
W ~ MN 45m(0,1; @ Q). (5.1)

In Eq. (5.1), the column covariance matrix £2 models the pairwise correlation between different
columns of W which are the model parameters for different tasks. Thus €2 can be thought
of as modeling the pairwise correlation between different tasks via the corresponding model

parameters.

Based on the matrix variate formulation of MTRL given in Eq. (5.1), we now proceed to
propose a generalization which allows high-order task relationships to be modeled as well.
Our point of departure is to exploit the close relationships between the matrix variate normal
distribution and the Wishart distribution (Gupta & Nagar, 2000). It is easy to see that W7 has

the following prior distribution
W~ MN 140,92 ® 1),

if W follows the prior distribution in Eq. (5.1). It thus follows that the square matrix W7 W
follows the Wishart distribution:

WIW ~ W,,(d, ). (5.2)

Here we assume that d > m or otherwise it will degenerate into a singular distribution (Uhling,

1994). As we will see later, this assumption is satisfied in our method and in most applications.

The Wishart prior on WTW can help us to understand the role played by the matrix €2
better. From the properties of the Wishart distribution (Gupta & Nagar, 2000), we know that
the mean and mode of WT'W are dQ2 and (d — m — 1)2, respectively, which both depend
on 2. Since each element of W7'W is the dot product of the model parameter vectors of the
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corresponding tasks, it is a way to express the pairwise correlation between tasks. Thus €2 is

also related to pairwise task correlation.

We now propose a generalization of the above model for pairwise task relationships to high-

order task relationships. We use the following prior distribution
(WIW)' ~ W, (d. 2), (5.3)

where the integer ¢t > 1 is called the degree and X! = X'~!X for a square matrix X. Note that
the prior in Eq. (5.2) is a special case of Eq. (5.3) when ¢t = 1. We first investigate the physical
meaning of each element in (W7W)’. As discussed above, the (i, j)th element s;; of WT'W
describes the pairwise similarity between the ith and jth tasks. Since the (i, j)th element s
of (WTW)? is calculated as sj; = /" | sir5;k, We can think of it as describing the similarity
between the ith and jth tasks via other tasks. Hence (W?'W)! describes the similarity between
any two tasks with the help of other tasks and it can be viewed as a way to model high-order

task relationships.

However, Eq. (5.3) only gives us the prior distribution on (WZW)? but what we actually
need is the distribution on W. In what follows, we will show how to obtain the prior p(W)
based on Eq. (5.3).

5.2.2 Computation of the Prior

For notational simplicity, let us introduce the variable S to denote W?'W. Thus
S' ~ Wy, (d, Q).

By using the Jacobian of the transformation from S’ to S, we obtain the density function for S
as

t(d—m—1)
2

S| exp {—%tr[ﬂ_lst]}

omd/2 Fm(g) |Q|d/2

p(S) = J(St = 8).

where J(A — B) denotes the Jacobian of the transformation from variable A to B. The
following lemma from (Mathai, 1997) tells us how to compute the Jacobian J(S* — S) needed
for the computation of p(S).

Lemma 5.1 For an m x m square matrix S, we have

HFA A, t), (5.4)

i,0=1

where \; is the ith largest eigenvalue of S and F'(\;, \;, t) = Z 10 )\f)\é 1=k,
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With this result, we can now compute p(S) as

t(d—m—1)

‘S|f exp {——tI‘ _1St]} H:}:l F(Au )\j7 t)
2md/2 T, (2) 2]/ |

p(S) = (5.5)

Based on p(S) in Eq. (5.5), Theorem 5.1 below allows us to compute the density function
of W.

Theorem 5.1 If a random matrix S has probability density function as expressed in Eq. (5.5)
and S = WTW with W € R¥*™, the probability density function of W can be computed as

= 1)

|WTW| exp {__tr (WTW>t]} Hz‘,j FO‘Z" )‘jw t)
p(W) = (27r)md/2 || /2 ’

(5.6)

where d = d — m — 1 and \;, fori = 1,...,m, is the ith largest eigenvalue of WTW or;
equivalently, the ith largest squared singular value of W.

Proof: Since S is symmetric and positive definite, we can express it in terms of the (unique)
Cholesky decomposition as S = CC”, where C is a lower triangular matrix with positive
diagonal elements. We define an independent random matrix L € R™*? such that LL” = I,,,,
with density given by 271::—%)/2 ga.m(L) where g4, (L) is as defined in Eq. (1.3.26) in (Gupta &
Nagar, 2000). Then the joint density of S and L is

|S|t7jexp{—%tr 'S} gam(L H”F<>‘“)\J7t>
(2r) 2 2 [

p(S,L) =

Let us define W = L7C” . It is easy to show that WX'W = S. In order to compute the density

of W, we first calculate the Jacobian of the transformation from S to W as

J(S = W) =J(S = C)J(C,L — W) (chain rule)
_ J(S—=C)
J(W — C,L)
om Hﬂil CmfiJrl . .
= =———— (property of Jacobian transformation)
9am(L) [T;2, ¢
2m
= -, (property of Cholesky decomposition)

gd,m( ) |WT

(property of Jacobian transformation)

where ¢;; is the (¢, j)th element of C. We can then get the density function of W as

(t— 1) _ ~ ~
WIW|S™ exp { 1@ (WI W)} T, FO, A )
p(W) = (27)md/2 | Q| /2 ’
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It is easy to show that W = PW for some orthogonal matrix P € R%*4, Because J (W —
W) = |P|¢ = 1, we can get the density function of W in Eq. (5.6). Since ); is the ith largest
eigenvalue of S = WT'W, ), is also the ith largest squared singular value of W. This completes
the proof. [

When ¢ = 1, the density function in Eq. (5.6) will degenerate to the matrix variate normal
distribution used in the MTRL model (Zhang & Yeung, 2010a) since the first term in the nu-
merator of Eq. (5.6) disappears and F'(\;, A\;,t) = 1. Hence the prior defined in Eq. (5.6) can

be viewed as a generalization of the matrix variate normal prior.

5.2.3 Properties of the New Prior

We briefly present here some properties of the prior on W with the general form of the density

function given in Eq. (5.6).
Theorem 5.2 E[W] = 0, where E[] denotes the expectation operator.

Proof: From the definition of expectation, E[W] = [ Wp(W)dW. It is easy to show that
p(W) = p(—W) implying Wp(W) + (—=W)p(—W) = 0. So we can obtain

E[W] — / Wp(W)dW = 0

which is the conclusion. O

We may generalize the density of W in Eq. (5.6) by replacing W with (W — M) for any
M € R%*™ and then we can easily get E[W] = M.

As a consequence of using the matrix variate normal prior in MTRL, we note that the dif-
ferent rows of W under the prior in Eq. (5.1) are independent due to the fact that p(W) =
H?’:l p(w'?) where w') is the jth row of W. So the prior in MTRL cannot capture the depen-

dency between different features. For our method, it is easy to show that p(W) # H;l:l p(w)
and hence our method can capture feature dependency to a certain extent. This capability is an
extra advantage of our method over MTRL in addition to exploiting high-order task relation-

ships.

From the properties of the Wishart distribution, we also have the following results.
Theorem 5.3 E[(WIW)!] = dQ.

Theorem 5.4 Mode|(WTW)!| = (d — m — 1)2 when d > m + 1, where Mode|-] denotes the

mode operator.
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5.2.4 Model Formulation and Learning

Eq. (5.6) defines the prior of W. For the likelihood, we use the (univariate) normal distribution

which corresponds to the squared loss:

So this model has prior defined in Eq. (5.6) and the normal likelihood in Eq. (5.7), which

coincides with the proposed framework in section 1.3.

For computational efficiency, as in MTRL, we seek to find the MAP solution as a point
estimate based on the prior in Eq. (5.6) and the likelihood in Eq. (5.7). The optimization problem
can equivalently be formulated as the following minimization problem:

—l—b £)?
min L = ZZ (Wi %) v +Ino; +gln]9\+%tr Q' (WTW)']

W b,o,Q2
=1 j=1

t—1)d
—ZlnF/\ A, 1) _ 5 ) In|[W'W|, (5.8)
i,7=1
where b = (by,...,b,, )T and ¢ = (0y,...,0,,)T. This problem is non-convex and it is not
easy to optimize with respect to all variables simultaneously. We use an alternating method

instead.

Each iteration of the iterative learning procedure involves two steps. In the first step, W
is held fixed while minimizing the objective function in (5.8) with respect to b, o and €2. We

compute the gradients of L with respect to b, o and Q! as

oL ﬁi _wix by 1
0o, o3 o;

j=1 g

oL "Z b + wixi —yi

b, — of
e = (o) - (v m) o,

where ©® denotes the Hadamard product which is the matrix elementwise product. We then set

the gradients to O to obtain the analytical solution for making the update:

1 & . .
2 ) i\2

bi = ;Z(%‘_W?Xj)

1
Q = C—Z(WTW)t.
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In the second step of each iteration, optimization is done with respect to W while keeping
all other variables fixed. Since there is no analytical solution for W, we use the conjugate

gradient method to find the solution using the following gradient

IL _ i "Z x;(x})" Weie] + (b — yj)xjel i d1n F(\;, \j, 1)
OW

i=1 j=1 i ij=1

+> WWIW) I (WIW)F — d(t — YW(WTW) ™

k=0
. . . . . OIn F(Xj,\4,t)
where e; is the ith column of the m x m identity matrix. The term —3&>~"~ can be calculated
as
L% if A =\
8lnF()\Z, >‘j7 t) .
OW ) (a2 a1 2 ox; _ 0N
( ! 8;‘{_ = 8W> — ZW_IW  otherwise
i N PTG
where, by using the chain rule, we can calculate % as
) . 29Ltr(UTWV,) 2,
0N _ X Opi _ 0p2 O5;0r(Us ) _ 2 U, V7, (5.9)

where W = UDVT is the thin singular value decomposition of W (since d > m) with
orthogonal matrices U € R%™ and V € R™ ™ and the diagonal matrix D containing the
singular values p;, o is the repeatedness of p;, and U; € R™® and V; € R™*% are the left
and right singular vectors or matrices corresponding to the singular value p;. The second step of
the above derivation (5.9) holds since U;TFWVi = pily, and \; = p? due to the relation between
the ith largest eigenvalue \; of WT'W and the ith largest singular value of W.

5.2.5 Kernel Extension

A natural question to ask is whether the method presented above can be extended to the general

nonlinear case using the kernel trick.

Unlike MTRL (Zhang & Yeung, 2010a) and other kernel methods such as the support vector
machine, using the higher-order form of W in our method does not allow us to use the dual form
to facilitate kernel extension. However, kernel extension is still possible by adopting a different
strategy which was used before by some Bayesian kernel methods such as the relevance vector

machine (Tipping, 2001).

Specifically, the kernel information is directly incorporated into the data representation by

defining a new data representation as follows:

. y 3 T
5 = (kD). ke )
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where k(-,-) is some kernel function such as the linear kernel or RBF kernel. With the new
representation, we can use the method presented in the previous section to learn a good model.
It is easy to show that 5(3 € R"™ where n is the total number of data points in all tasks. As a
consequence, another benefit of this kernel extension scheme is that the dimensionality n of
each data point is larger than the number of tasks m and hence satisfies the requirement of
our new prior and the model. In case the dimensionality n of the new data representation is
very high, we may first apply a dimensionality reduction method such as principal component

analysis to find a lower-dimensional representation before model learning.

5.3 Experiments

We report empirical studies in this section to compare MTHOL with several related meth-
ods. Since MTHOL generalizes MTRL in Chapter 3 by learning high-order task relationships,
MTRL will be included in the comparative study. Moreover, we have also included the other
methods considered in the comparative study of the MTRL paper, including a single-task learn-
ing (STL) method, multi-task feature learning (MTFL) method (Argyriou et al., 2006) as well
as multi-task GP (MTGP) method (Bonilla et al., 2007) which, like MTRL, can learn task rela-
tionships. For fair comparison, the data we used for all methods adopt the new representation

described in section 5.2.5.

5.3.1 Robot Inverse Dynamics

The description for this application as well as the data is depicted in section 3.4.2. We use the
normalized mean squared error (nMSE), the mean squared error divided by the variance of the
ground-truth output, as the performance measure. Kernel ridge regression is used as the STL

baseline for this data set.

We perform two sets of experiments on all the methods with different numbers of training
data points. The first setting randomly selects 10% of the data for each task as the training set
and the second setting selects 20%. Those not selected for training are used for testing. For
all methods, the RBF kernel is adopted. For each setting, we report the mean and standard
deviation of the performance measure over 10 random splits of the data. Table 5.1 depicts
the results, with the best ones shown in bold. Paired t-test at 5% significance level shows
that MTHOL with ¢ = 2 is the best for some tasks and is comparable with the best for other
tasks. Comparing the performance of MTHOL under these two configurations, the performance

becomes better when the size of training data increases.

To see whether MTHOL is sensitive to the degree ¢, we compare MTHOL with ¢ = 2 and

t = 3. The results are recorded in Table 5.2. For all tasks, we can see that the two variants
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Table 5.1: Results on learning robot inverse dynamics. For each method and each task, the two
rows report the mean and standard deviation of the nMSE over 10 trials. The upper (lower)
table records the results of the setting with 10% (20%) of the data for the training set.

Method Ist 2nd 3rd 4th 5th 6th 7th
STL 0.1507 0.1920 0.1866 0.0283 0.3563 0.6454 0.0409
0.0077 0.0087 0.0054 0.0038 0.0246 0.0202 0.0016
MTFL 0.1404 0.1953 0.1823 0.0221 0.3294 0.6497 0.0470
0.0056 0.0079 0.0195 0.0127 0.0139 0.0118 0.0044
MTGP 0.0926 0.1471 0.1084 0.0116 0.3465 0.6833 0.0438
0.0035 0.0076 0.0067 0.0013 0.0070 0.0109 0.0190
MTRL 0.0879 0.1358 0.1030 0.0098 0.3248 0.6223 0.0387
0.0008 0.0038 0.0034 0.0017 0.0054 0.0034 0.0073
MTHOL 0.0706 0.1242 0.1035 0.0082 0.3158 0.6032 0.0372
(t=2) 0.0019 0.0048 0.0050 0.0015 0.0096 0.0094 0.0042
Method Ist 2nd 3rd 4th 5th 6th 7th
STL 0.1140 0.1714 0.1537 0.0141 0.2805 0.5501 0.0298
0.0027 0.0032 0.0046 0.0005 0.0062 0.0161 0.0018
MTFL 0.1131 0.1800 0.1516 0.0187 0.2832 0.5596 0.0371
0.0029 0.0050 0.0045 0.0014 0.0081 0.0142 0.0034
MTGP 0.0813 0.1208 0.0893 0.0088 0.2982 0.5453 0.0346
0.0023 0.0058 0.0048 0.0004 0.0093 0.0252 0.0134
MTRL 0.0812 0.1122 0.0947 0.0087 0.2712 0.5429 0.0282
0.0021 0.0032 0.0028 0.0013 0.0031 0.0060 0.0007
MTHOL 0.0782 0.0980 0.0898 0.0078 0.1333 0.5243 0.0200
(t=2) 0.0029 0.0034 0.0041 0.0016 0.0050 0.0077 0.0027

give very similar results. Thus we always set ¢ to 2 in all the following experiments without

performing further tuning.

Table 5.2: Comparison of MTHOL with ¢t = 2 and ¢ = 3 on learning robot inverse dynamics.
The two tables correspond to the two settings as in Table 5.1.

Method Ist 2nd 3rd 4th 5th 6th 7th

MTHOL 0.0706 0.1242 0.1035 0.0082 0.3158 0.6032 0.0372
(t=2) 0.0019 0.0048 0.0050 0.0015 0.0096 0.0094 0.0042
MTHOL 0.0708 0.1241 0.1038 0.0081 0.3150 0.6029 0.0380
t=23) 0.0018 0.0049 0.0052 0.0015 0.0093 0.0089 0.0046
Method Ist 2nd 3rd 4th 5th 6th 7th

MTHOL 0.0782 0.0980 0.0898 0.0078 0.1333 0.5243 0.0200
(t=2) 0.0029 0.0034 0.0041 0.0016 0.0050 0.0077 0.0027
MTHOL 0.0778 0.0984 0.0893 0.0074 0.1329 0.5240 0.0209
t=23) 0.0031 0.0030 0.0048 0.0016 0.0045 0.0078 0.0022
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5.3.2 Multi-Domain Sentiment Application

The description for this application is record in section 3.4.3. Like the experiments for the first
data set, we use training sets of different sizes for training, corresponding to 10%, 20% and
30% of the data for each task. Classification error is used as the performance measure. For the
STL baseline, we use a linear SVM which has been demonstrated to perform well for such text
classification applications with high feature dimensionality. For other compared methods, we
also use the linear kernel. As above, we perform 10 random data splits and report the mean and
standard deviation of the classification error from Figure 5.1(a) to Figure 5.1(d). Again, for all

settings, MTHOL is either the best or among the best.
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Figure 5.1: Performance of STL, MTFL, MTGP, MTRL and MTHOL on each task of the
multi-domain sentiment application when the training set size is varied.

5.3.3 Comparison of the Three Proposed Methods

In this thesis, I have proposed three methods for multi-task learning, i.e., MTRL, MTGTP and
MTHOL. In this section, I compare these three methods on the above two data sets with identical

experimental settings.

The comparison results of the three methods on robot inverse dynamics and multi-domain

sentiment classification applications are depicted in Table 5.3 and 5.4. From the results, we
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see that the performance of the three methods is comparable, i.e., some methods perform well
on some tasks while other methods have good performance on other tasks. From the perspec-
tive of computational complexity shown in Table 5.5, MTRL has the lowest complexity and
MTGTP has the highest one. Making a choice among the three choices does not seem to be
straightforward except perhaps for the computational concern. This is an issue that needs fur-

ther investigation in the future.

Table 5.3: Comparison results of MTRL, MTGTP, and MTHOL on learning robot inverse dy-
namics. For each method and each task, the two rows report the mean and standard deviation
of the nMSE over 10 trials. The upper (lower) table records the results of the setting with 10%
(20%) of the data for the training set.

Method st 2nd 3rd 4th 5th 6th 7th
MTRL 0.0879 0.1358 0.1030 0.0098 0.3248 0.6223 0.0387
0.0008 0.0038 0.0034 0.0017 0.0054 0.0034 0.0073
MTGTP 0.0946 0.1529 0.1005 0.0095 0.2621 0.5421 0.0202
0.0053 0.0164 0.0052 0.0012 0.0088 0.0156 0.0021
MTHOL 0.0706 0.1242 0.1035 0.0082 0.3158 0.6032 0.0372
0.0019 0.0048 0.0050 0.0015 0.0096 0.0094 0.0042
Method st 2nd 3rd 4th 5th 6th 7th
MTRL 0.0812 0.1122 0.0947 0.0087 0.2712 0.5429 0.0282
0.0021 0.0032 0.0028 0.0013 0.0031 0.0060 0.0007
MTGTP 0.0754 0.1121 0.0737 0.0058 0.0850 0.3912 0.0102
0.0039 0.0050 0.0106 0.0007 0.0140 0.0185 0.0007
MTHOL 0.0782 0.0980 0.0898 0.0078 0.1333 0.5243 0.0200
0.0029 0.0034 0.0041 0.0016 0.0050 0.0077 0.0027

5.4 Concluding Remarks

In this chapter, we have proposed a novel generalization of the MTRL method in Chapter 3 by
modeling and learning high-order task relationships. The model parameters as well as the task

relationships can be learned in a principal framework.
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Table 5.4: Comparison results of MTRL, MTGTP, and MTHOL on multi-domain sentiment
classification. The three tables are for different training set sizes (10%, 20%, 30%).

Method 1st 2nd 3rd 4th
MTRL 0.2786 0.2600 0.2153 0.1941
0.0276 0.0302 0.0120 0.0107
MTGTP 0.2634 0.2594 0.2169 0.2058
0.0160 0.0157 0.0171 0.0165
MTHOL 0.2642 0.2577 0.2141 0.1823
0.0035 0.0122 0.0146 0.0158

Method st 2nd 3rd 4th
MTRL 0.2549 0.2630 0.2220 0.1779
0.0109 0.0117 0.0187 0.0122
MTGTP 0.2516 0.2424 0.2042 0.1849
0.0112 0.0098 0.0104 0.0065
MTHOL 0.2477 0.2556 0.2171 0.1631
0.0192 0.0116 0.0128 0.0161
Method 1st 2nd 3rd 4th
MTRL 0.2294 0.2194 0.1706 0.1524
0.0150 0.0091 0.0052 0.0052
MTGTP 0.2034 0.1913 0.1881 0.1677
0.0147 0.0046 0.0153 0.0054
MTHOL 0.2179 0.2164 0.1639 0.1450
0.0218 0.0037 0.0069 0.0086

Table 5.5: Comparison of the computational complexity of the three proposed methods.

Method Complexity

MTRL  O(n?) or O(n?) (for approximation)
MTGTP O(n?)

MTHOL O(n*m)
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CHAPTER 6

PROBABILISTIC MULTI-TASK FEATURE
SELECTION

6.1 Introduction

Different from the above chapters which discuss the standard multi-task classification or re-
gression problems, in this chapter, we study the problem of learning task relationships in the
scenario of multi-task feature selection which aims to identify the common useful features for

all tasks.

Learning algorithms based on /; regularization have a long history in machine learning and
statistics. A well-known property of [; regularization is its ability to enforce sparsity into the
solutions. Recently, some variants of the [; norm, particularly matrix norms such as the /; o
and [; o, norms, were proposed to enforce sparsity via joint regularization (Turlach et al., 2005;
Obozinski et al., 2006; Xiong et al., 2007; Argyriou et al., 2008a; Bi et al., 2008; Liu et al.,
2009a; Quattoni et al., 2009; Liu et al., 2009b; Obozinskil et al., 2010). The /; ; norm is the
sum of the /s norms of the rows and the [, ., norm is the sum of the /., norms of the rows.
Regularizers based on these two matrix norms encourage row sparsity, that is, they encourage
entire rows of the matrix to have zero elements. Moreover, these norms have also been used for
enforcing group sparsity among features in conventional classification and regression problems,
for example, group LASSO (Yuan & Lin, 2006). Recently, they have been widely used in multi-
task learning, compressed sensing and other related areas. However, when given a specific
application, we often have no idea which norm is the most appropriate choice to use. Moreover,
an underlying assumption of multi-task feature selection using the /; , norm is that all tasks are
similar to each other and they share the same features. This assumption may not be correct
in practice because there may exist outlier tasks (that is, tasks that are not related to all other
tasks) or tasks with negative correlation (that is, tasks that are negatively correlated with some
other tasks). Similar to the proposed methods in this thesis, a better way is to learn the task

relationships from data which is not restricted to modeling positive correlations between tasks.

In this chapter, we study the problem of determining the most appropriate sparsity enforcing
norm to use in the context of multi-task feature selection as well as learning the task relation-
ships. Instead of choosing between specific choices such as the [; » and [, o, norms, we consider
a family of [, ; norms. We restrict ¢ to the range 1 < ¢ < oo to ensure that all norms in this

family are convex, making it easier to solve the optimization problem formulated based on it.
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Within this family, the [; 5 and [, o, norms are just two special cases. Using the [; , norm, we for-
mulate the general multi-task feature selection problem and give it a probabilistic interpretation.
It is noted that the automatic relevance determination (ARD) prior (Figueiredo, 2003; Bishop,
2006; Wipf & Nagarajan, 2007) comes as a special case under this interpretation. Based on this
probabilistic interpretation, we develop a probabilistic formulation using a noninformative prior
called the Jeffreys prior (Gelman et al., 2003). We devise an expectation-maximization (EM)
algorithm (Dempster et al., 1977) to learn all model parameters, including ¢, automatically.
As another contribution of this work, we propose to use a matrix variate generalized normal
prior (Gupta & Varga, 1995) for the model parameters to learn the relationships between tasks.
The task relationships learned here can be seen as an extension of the task covariance used
in (Bonilla et al., 2007; Zhang & Yeung, 2010b, 2010a). Experiments are reported on two

cancer classification applications using microarray gene expression data.

6.2 Multi-Task Feature Selection

Suppose we are given m learning tasks {7;}!" . For the ith task T}, the training set D; consists
of n; labeled data points in the form of ordered pairs (xé», y;), 7 =1,...,n;, with X;- € R¢
and its corresponding output y;'- € R if it is a regression problem and y; € {—1,1}ifitisa
binary classification problem. The linear function for 7; is defined as f;(x) = w!x + b;. For
applications that need feature selection, e.g., document classification, the feature dimensionality

is usually very high and it has been found that linear methods usually perform better.

The objective functions of most existing multi-task feature selection methods (Turlach et al.,
2005; Obozinski et al., 2006; Xiong et al., 2007; Argyriou et al., 2008a; Bi et al., 2008; Liu
et al., 2009a; Quattoni et al., 2009; Liu et al., 2009b; Obozinskil et al., 2010) can be expressed

in the following form:

> Ly, wix, +b;) + AR(W), (6.1)
i=1 j=1
where W = (wy,...,w,,), L(+,-) denotes the loss function (e.g., squared loss for regression

and hinge loss for classification), R(-) is the regularization function that enforces feature spar-
sity under the multi-task setting, and A is the regularization parameter controlling the relative
contribution of the empirical loss and the regularizer. Multi-task feature selection seeks to mini-
mize the objective function above to obtain the optimal parameters {w;, b; }. Two regularization
functions are widely used in existing multi-task feature selection methods. One of them is based
on the [ » norm of W (Obozinski et al., 2006; Xiong et al., 2007; Argyriou et al., 2008a; Bi
et al., 2008; Liu et al., 2009b; Obozinskil et al., 2010):

d
R(W) =Y [[w"].
k=1
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where || - ||, denotes the g-norm (or [, norm) of a vector and w”* denotes the kth row of W.
Another one is based on the /; o, norm of W (Turlach et al., 2005; Liu et al., 2009a; Quattoni

etal., 2009): R(W) = 3¢ [|[W*]|oo-

Here we unify these two cases by using the [; , norm of W to define a more general regu-

larization function:

d
RW) =3 llw'l, 1<g<oo.
k=1

Note that when ¢ < 1, R(W) is non-convex with respect to W. Although R(W) is convex
when ¢ = 1, each element of W is independent of each other and so the regularization function

cannot enforce feature sparsity. Thus we restrict the range to 1 < g < oo.

Even though restricting the range to 1 < ¢ < oo can enforce feature sparsity between
different tasks, different values of ¢ imply different ‘group discounts’ for sharing the same
feature. Specifically, when ¢ approaches 1, the cost grows almost linearly with the number of
tasks that use a feature, and when ¢ = oo, only the most demanding task matters. So selecting a

proper ¢ can potentially have a significant effect on the performance of the learning algorithms.

In the following, we first give a probabilistic interpretation for multi-task feature selec-
tion methods. Based on this probabilistic interpretation, we then develop a probabilistic model
which, among other things, can solve the model selection problem automatically by estimating

g from data.

6.3 Probabilistic Interpretation

In this section, we will show that existing multi-task feature selection methods are related to
the MAP solution of a probabilistic model. This probabilistic interpretation sets the stage for

introducing our probabilistic model in the next section.

We first introduce the generalized normal distribution (Goodman & Kotz, 1973) which is

useful for the model to be introduced.

Definition 6.1 : is a univariate generalized normal random variable iff its probability density

function (p.d.f.) is given as follows:

p(2) ;)exp(_ M)

T 2pI(1+ 1 Pl

For simplicity, if z is a univariate generalized normal random variable, we write z ~ GN (i, p, q).
The (ordinary) normal distribution can be viewed as a special case of the generalized normal
distribution when ¢ = 2 and the Laplace distribution is a special case when ¢ = 1. When ¢
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approaches +oo, the generalized normal distribution approaches the uniform distribution in the
range [ — p, i+ p]. The generalized normal distribution has proven useful in Bayesian analysis

and robustness studies.

Definition 6.2 A standardized r x 1 multivariate generalized normal random variable z =
(21, ..,2.)T consists of r independent and identically distributed (i.i.d.) univariate generalized

normal random variables.

If z is a standardized r x 1 multivariate generalized normal random variable, we write z ~
MGN (i, p, q) with the following p.d.f.:

plz) = [ 1 exp(_M)_

20T (1+ ]’ pl

With these definitions, we now begin to present our probabilistic interpretation for multi-task
feature selection by proposing a probabilistic model. For notational simplicity, we assume that
all tasks perform regression. Extension to include classification tasks will go through similar

derivation.

For a regression problem, we use the normal distribution to define the likelihood for x§-:
y;. ~ /\/’(WZTX; + b, 0%). (6.2)

We impose the generalized normal prior on each element of W:

where w;; is the (7, j)th element of W (or, equivalently, the ith element of w; or the jth element

of w'). Then we can express the prior on w' as

When ¢ = 2, this becomes the ARD prior (Figueiredo, 2003; Bishop, 2006; Wipf & Nagara-
jan, 2007) commonly used in Bayesian methods for enforcing sparsity. From this view, the

generalized normal prior can be viewed as a generalization of the ARD prior.

With the above likelihood and prior, we can obtain the MAP solution of W by solving the

following problem:

m  ng

d .
. 1 T hal
i J = = E E L(y;, w; X + b;) + E (—q +mln pi>, (6.4)

i=1 j=1 -1 P

where b = (by,..., b))  and p = (p1,..., pm)T.
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We set the derivative of J with respect to p; to zero and get

()" jwi|
pi=-) W'l

Plugging this into problem (6.4), the optimization problem can be reformulated as

1 - i i %
J = po E E L(yj,wgij +b)+m E In [[w*|[,. (6.5)

i=1 j=1 =1

Note that problem (6.5) is non-convex since the second term is non-convex with respect to
W. Because Inz < z — 1 for any z > 0, problem (6.5) can be relaxed to problem (6.1) by
setting A = mo?. So the solutions of multi-task feature selection methods can be viewed as the
solution of the relaxed optimization problem above. In many previous works such as (Candes
et al., 2008; Wipf & Nagarajan, 2010), In(x) can be used as an approximation of I(x # 0)
where I(+) is an indicator function. Using this view, we can regard the second term in problem

(6.5) as an approximation of the number of rows with nonzero g-norms.

Note that we can directly solve problem (6.5) using a majorization-minimization (MM)
algorithm (Lange et al., 2000). For numerical stability, we can slightly modify the objective
function in problem (6.5) by replacing the second term with m 3¢ In(||w’||, + @) where
« can be regarded as a regularization parameter. We denote the solution obtained in the kth
iteration as wfk). In the (k + 1)th iteration, due to the concavity property of In(-), we can bound

the second term in problem (6.5) as follows

d | d . W llg = 1w llo
> o m([wlly +a) < Y {n(l[will, +a) + Tw
=1 =1

(k)”q +a

Thus, in the (k£ + 1)th iteration, we need to solve a weighted version of problem (6.1):

rv%lg U—ZZL yJ,WTXz + b;) —i—mz ||W||W s

i=1 j=1 (qu—f—O!

According to (Lange et al., 2000), the MM algorithm is guaranteed to converge to a local opti-

mum.

6.4 A Probabilistic Framework for Multi-Task Feature Se-
lection

In the probabilistic interpretation above, we use a type 1l method (Bishop, 2006) to estimate

{p:} in the generalized normal prior which can be viewed as a generalization of the ARD prior.
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In the ARD prior, according to (Qi et al., 2004), this approach is likely to lead to overfitting
because the hyperparameters in the ARD prior are treated as points. Similar to the ARD prior,
the model in the above section may overfit since {p;} are estimated via point estimation. In
the following, we will present our probabilistic framework for multi-task feature selection by

imposing priors on the hyperparameters.

6.4.1 The Model

As in the above section, the likelihood for xé» 18 also defined based on the normal distribution:
Yy, ~ N(w]x +b;,07). (6.6)

Here we use different noise variances o; for different tasks to make our model more flexible.

The prior on W is also defined similarly:

The main difference here is that we treat p; as a random variable with the noninformative Jef-

freys prior':

Pi

p(ps) o< /(i) = \/sz-m [(%:”p)ﬂ x L (6.8)

where I(p;) denotes the Fisher information for p; and [Ey[-] denotes the expectation with respect

to 0. One advantage of using the Jeffreys prior is that the distribution has no hyperparameters.

6.4.2 Parameter Learning and Inference

Here we use the EM algorithm (Dempster et al., 1977) to learn the model parameters. In our
model, we denote ® = {W b, {0}, ¢} as the model parameters and p = (py, ..., pq)" as the

hidden variables.

In the E-step, we construct the so-called ()-function as the surrogate for the log-likelihood:
a(©1e") = [lp(@ly. plriply. ©)dp.

where ®* denotes the estimate of © in the kth iteration and y = (3, ... ,ym )T It is easy to

show that

Inp(Oly, p) occInp(y|W, {o:}) + Inp(W|p)

O(_;[Z 202 + 2 _Z_gZ|wij|q—mdlnF(1—|—5)

Jj=1

I'The detailed derivation of the noninformative Jeffreys prior is recorded in Appendix C
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and p(ply, ®®) « [T, (p(pi)p(wék)|pi)). We then compute E[%\y, O™)] as

wl _ Jo p—lqp pz-) ( (0] pi)dpi m
Yag i| - 7 q-
f(] |pz)dpz C.I||W(k)||q

1
E|-
Pi
So we can get

m [ ni (i T )2
Q(@|@(k)):_zlz (?Jj “’210’;; bi) mlna] Z&ZI%I CmdInT(14 )

where 3; =

__m
QHWE/@)HZ ’

In the M-step, we maximize Q(©|0©")) to update the estimates of W, b, {o;} and q.

For the estimation of W, we need to solve m convex optimization problems

d
min J = Boll§i — X[ will3 + D Bilwal’, i=1,....m, (6.9)

7 J:1
where y; = (yi—bz(»k),...,yf”—bz(»k))T,Xi: (x,...,x} ), and By = (k e . When ¢ = 2, this

becomes the conventional ridge regression problem. Here 3; is related to the sparsity of the jth
row in W¥): the more sparse the jth row in W), the larger the B;. When ; is large, w;; will
be enforced to approach 0. We use a gradient method such as conjugate gradient to optimize

problem (6.9). The subgradient with respect to w; is

oJ
=20 (XzX;‘FWz — Xz’S’z’) +q0,
Gwi
where 8 = (31 |wy;|7  sign(wy;), - . ., Balwa|*'sign(wg;))” and sign(-) denotes the sign func-

tion.

We set the derivatives of Q(©|@*)) with respect to o; and b; to 0 and get

(k+1) (k+1 i
b; - n_ZZ[ ) Xa}

(k+1)  _ 1 ; (et D\poi (k)]
g; = n_l Z [yj — (w; )ij —b; ] .

j=1
For the estimation of ¢, we also use a gradient method. The gradient can be calculated as

m

d d 1
3 3 el

j=1 w<k+1>7$0

where ¢ (z) = 9 l(2) i the digamma function.

Oz
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6.4.3 Extension to Deal with Outlier Tasks and Tasks with Negative Cor-
relation

An underlying assumption of multi-task feature selection using the /; , norm is that all tasks are
similar to each other and they share the same features. This assumption may not be correct in
practice because there may exist outlier tasks (i.e., tasks that are not related to all other tasks) or
tasks with negative correlation (i.e., tasks that are negatively correlated with some other tasks).

In this section, we will discuss how to extend our probabilistic model to deal with these tasks.

We first introduce the matrix variate generalized normal distribution (Gupta & Varga, 1995)

which is a generalization of the generalized normal distribution to random matrices.

Definition 6.3 A matrix Z € R**! is a matrix variate generalized normal random variable iff
its p.d.f. is given as follows:

S

> (Ein(Ze — M) ()

k=11=1

1 s q
p(Z|M, 3, Q,Q) = [2F(1 N é)]“det(z)tdeﬂﬂ)s °Xp |: ;; ] |

where 3 € R*** and Q@ € R are nonsingular, det(-) denotes the determinant of a square
matrix, A;; is the (i, j)th element of matrix A and (A™');; is the (i, j)th element of the matrix

inverse A1,

We write Z ~ MVGN (M, X, Q, q) for a matrix variate generalized normal random variable Z.
When ¢ = 2, the matrix variate generalized normal distribution becomes the (ordinary) matrix
variate normal distribution (Gupta & Nagar, 2000) with row covariance matrix £37 and col-
umn covariance matrix QQT, which has been used before in multi-task learning (Bonilla et al.,
2007; Zhang & Yeung, 2010b, 2010a). From this view, X is used to model the relationships

between the rows of Z and 2 is to model the relationships between the columns.

We note that the prior on W in Eq. (6.7) can be written as
W ~ MVGN (0, diag((p1; - -, pa)"), I, 9)- (6.10)

In this formulation, it can be seen that the columns of W (and hence the tasks) are independent
of each other. However, the tasks are in general not independent. So we propose to use a new
prior on W:

W ~ MVGN(0,diag((p1,...,pa)"), 82, q), 6.11)

where (2 models the pairwise relationships between tasks.

The likelihood is still based on the normal distribution. Since in practice the relationships

between tasks are not known in advance, we also need to estimate 2 from data.

88



For parameter learning, we again use the EM algorithm to learn the model parameters. Here

the model parameters are denoted as @ = {W b, {0;}, ¢, Q}. It is easy to show that

m g i T i—b')Q
s xt y

Then we compute E[ 7|y, ©™] as

oo 1 7
f 1P Pi) ( |pi)dpi
Y, @)(’ﬂ 0 Pq ® _ m S

o plodp(wigleddo: g, | o, Wi (@)= 7

1
E [—
P}

In the E-step, the ()-function can be formulated as

m n;

i1 d m m
@|®k) Z[Z yg—WZT;. b;)? mlna} Za Z’ZWU(Q_I

i—1 =1 i i=1 j=1 =1

1
—mdInT'(1 4+ —) — dIndet(£2).
q

In the M-step, for W and (2, the optimization problem becomes

m n; d m m
. . q
i Dol 300 - W)+ el D[ Wa@ [+ dlnde),
= J=1 i=1 j=1 " I=
where %(k) =X }k)) >. We define a new variable W = WQ ! to rewrite the above problem as

d m
min F = Z% Z (i — el Q"WTxE )2 + > ol > [iby |7 + d In det(€2),
i=1 j=1

7=1

where e; denotes the ith column of the m x m identity matrix. We use an alternating method to
solve this problem. For a fixed €2, the problem with respect to W is a convex problem and we

use conjugate gradient to solve it with the following subgradient

(k) )T TOT iwi nTOT
GNP [ WQeel QF — yixieT Q7] + gM,
aW ;7 Z 7777 q

where M is a d x m matrix with the (4, j)th element a§k> |57 sign(iby;). For a fixed W, we

also use conjugate gradient with the following gradient

OF o k — X I X ik i —
50 = 2 nyf ) Z [Wij (x)"WQese] —y/W'xle! | +d(Q")™!
=1 j=1
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After obtaining the optimal W* and ©*, we can compute the optimal W* as W* = WQ*.

The update rules for {o;}, {b;} and ¢ are similar to those in the above section.

In summary, the proposed two models both have the same normal likelihood but different
matrix variate priors defined in Egs. (6.10) and (6.11) respectively, which shows the proposed

models are two concrete cases of the proposed framework in section 1.3.

6.5 Related Work

Some probabilistic multi-task feature selection methods have been proposed before (Xiong
et al., 2007; Bi et al., 2008). However, they only focus on the /; » norm. Moreover, they
use point estimation in the ARD prior and hence, as discussed in Section 3, are susceptible to
overfitting (Qi et al., 2004).

Zhang et al. (2008) proposed a latent variable model for multi-task learning by using the
Laplace prior to enforce sparsity. This is equivalent to using the /; ; norm in our framework
which, as discussed above, cannot enforce group sparsity among different features over all
tasks.

6.6 Experiments

In this section, we study our methods empirically on two cancer classification applications us-
ing microarray gene expression data. We compare our methods with three related methods:
multi-task feature learning (MTFL) (Argyriou et al., 2008a)?, multi-task feature selection using
l1,2 regularization (Liu et al., 2009b)*, and multi-task feature selection using l1,0 regulariza-
tion (Quattoni et al., 2009)*.

6.6.1 Breast Cancer Classification

We first conduct empirical study on a breast cancer classification application. This application
consists of three learning tasks with data collected under different platforms (Shabalin et al.,
2008). The dataset for the first task, collected at the Koo Foundation Sun Yat-Sen Cancer
Centre in Taipei, contains 89 samples with 8948 genes per sample. The dataset for the second
task, obtained from the Netherlands Cancer Institute, contains 97 samples with 16360 genes per

sample. Most of the patients in this dataset had stage I or II breast cancer. The dataset for the

Zhttp://ttic.uchicago.edu/~argyriou/code/index.html
3http://www.public.asu.edu/~jye02/Software/SLEP/index.htm

“http://www.lsi.upc.edu/~aquattoni/
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third task, obtained using 22K Agilent oligonucleotide arrays, contains 114 samples with 12065
genes per sample. Even though these three datasets were collected under different platforms,

they share 6092 common genes which are used in our experiments.

Here we abbreviate the method in Section 4.2 as PMTFES]1 and that in Section 4.3 as PMTFS2.
For each task, we choose 70% of the data for training and the rest for testing. We perform 10
random splits of the data and report the mean and standard derivation of the classification error
over the 10 trials. The results are summarized in Table 6.1. It is clear that PMTFS1 outperforms
the three previous methods, showing the effectiveness of our more general formulation with ¢
determined automatically. Moreover, we also note that PMTFS2 is better than PMTFS1. This
verifies the usefulness of exploiting the relationships between tasks in multi-task feature selec-
tion. Since our methods can estimate ¢ automatically, we compute the mean of the estimated ¢
values over 10 trials. The means for PMTFS1 and PMTFS?2 are 2.5003 and 2.6718, respectively,
which seem to imply that smaller values of ¢ are preferred for this application. This probably
explains why the performance of MTFS; . is not good when compared with other methods.

Table 6.1: Comparison of different methods on the breast cancer classification application in
terms of classification error rate (in mean-+std-dev). Each column in the table represents one
task.

Method 1st Task 2nd Task 3rd Task

MTFL 0.34784+0.1108 0.0364+0.0345 0.309140.0498
MTEFS;, 0.3370+0.0228 0.0343£0.0134 0.285540.0337
MTES,; o 0.3896£0.0583 0.1136+0.0579 0.2909+0.0761
PMTFS1 0.3072+0.0234 0.0298+0.0121 0.178640.0245
PMTFS2 0.2870+0.0228 0.027340.0102 0.1455£0.0263

6.6.2 Prostate Cancer Classification

We next study a prostate cancer classification application consisting of two tasks. The Singh
dataset (Singh et al., 2002) for the first task is made up of laser intensity images from each
microarray. The RMA preprocessing method was used to produce gene expression values from
these images. On the other hand, the Welsh dataset (Welsh et al., 2001) for the second task is
already in the form of gene expression values. Even though the collection techniques for the

two datasets are different, they have 12600 genes in common and are used in our experiments.

The experimental setup for this application is similar to that in the previous subsection, that
is, 70% of the data of each task are used for training and the rest for testing, and 10 random
splits of the data are performed. We report the mean and standard derivation of the classification
error over the 10 trials in Table 6.2. As in the first set of experiments, PMTFS1 and PMTFS?2 are
better than the other three methods compared and PMTFS2 slightly outperforms PMTFES1. The
means of the estimated ¢ values for PMTFS1 and PMTFS2 are 2.5865 and 2.6319, respectively.

So it seems that smaller values are also preferred for this application.
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Table 6.2: Comparison of different methods on the prostate cancer classification application in
terms of classification error rate (in mean+std-dev). Each column in the table represents one
task.

Method 1st Task 2nd Task

MTFL 0.122640.0620 0.3500+£0.0085
MTES;, 0.12324+0.0270 0.3420+0.0067
MTES; .. 0.2216+0.1667 0.4200£0.1304
PMTFES1 0.1123+£0.0170 0.3214+0.0053
PMTFS2 0.1032+0.0136 0.3000£0.0059

6.7 Concluding Remarks

In this chapter, we have proposed a probabilistic framework for general multi-task feature selec-
tion using the /; , norm (1 < g < oo). Our model allows the optimal value of ¢ to be determined
from data automatically. Besides considering the case in which all tasks are similar, we have
also considered the more general and challenging case in which there also exist outlier tasks or

tasks with negative correlation.
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CHAPTER 7

MULTI-DOMAIN COLLABORATIVE
FILTERING

7.1 Introduction

The amount of information available on the Internet is increasing at an astonishing rate, making
the search for information a more and more challenging task. As such, recommendation plays
an important role in bringing items of potential interest to our attention. Some popular exam-
ples include systems for product recommendation in Amazon.com, movie recommendation in
Netflix and MovieLens, and reference recommendation in CiteULike. CF is an effective rec-
ommendation approach based on the intuitive idea that the preference of a user can be predicted
by exploiting the information of other users that share similar interests. In particular, CF tech-
niques exploit past activities of the users, such as their transaction history or product satisfaction
expressed in ratings, to predict the future activities of the users. In recent years, CF-based rec-
ommendation systems have become increasingly popular because it is generally much easier to

collect the past activities of users than their profiles, partially due to privacy considerations.

According to a survey on CF (Su & Khoshgoftaar, 2009), different CF techniques can be
classified into three categories: memory-based methods, model-based methods, and hybrid
methods. Similar to the idea of nearest neighbor classification, memory-based methods make
rating prediction based on the rating behavior of other items and users with similar interests.
Some representative methods are (Herlocker et al., 1999; Sarwar et al., 2001; McLaughlin &
Herlocker, 2004). One limitation of memory-based methods is that they require the rating data
to be dense so that the similarity values can be estimated accurately. Unfortunately, this re-
quirement is not realistic in many applications. To achieve better prediction performance and
overcome the shortcomings of memory-based CF methods, model-based CF methods have been
proposed and actively studied. Model-based CF techniques use the rating data to learn a model
and then use the learned model to make predictions. Many learning models have been used
for CF, such as Bayesian belief networks (Breese et al., 1998), graphical models (Jin et al.,
2003; Truyen et al., 2009), and dependency networks (Heckerman et al., 2000). Among all
model-based CF methods, matrix factorization methods are perhaps the most popular in recent
years (Billsus & Pazzani, 1998; Srebro et al., 2005; Rennie & Srebro, 2005; DeCoste, 2006;
Salakhutdinov & Mnih, 2007, 2008; Lawrence & Urtasun, 2009; Yu et al., 2009, 2009). These

methods assume that user and item features lie in some low-dimensional latent space and then
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predictions are made based on the latent features. With the hope of further improving per-
formance, hybrid CF techniques have been proposed to combine memory-based methods with
model-based methods, or utilize additional information such as content information. Some ex-
amples are (Basu et al., 1998; Pennock et al., 2000; Popescul et al., 2001; Melville et al., 2002;
Yu et al., 2003, 2004; Koren, 2008).

Even though CF methods have achieved great successes in recommendation applications,
some problems which limit their performance still exist. A big challenge is the data sparsity
problem (Su & Khoshgoftaar, 2009) which means that the rating matrix is extremely sparse.
Our focus in this chapter is on this data sparsity problem. In particular, we consider a multi-
domain CF (MCF) problem which jointly models a collection of rating prediction tasks arising
from multiple domains. The MCF problem is particularly suitable for large-scale e-commerce
and social networking services which often provide a diverse range of products or services.
For example, different product or service categories such as books and electronics naturally
constitute different domains. By exploiting the correlation between rating prediction problems
in different domains, we can transfer the shared knowledge among similar domains to allevi-
ate the data sparsity problem and therefore improve the rating prediction performance in all
domains. Specifically, we propose a probabilistic framework which uses probabilistic matrix
factorization (PMF) (Salakhutdinov & Mnih, 2007) to model the rating prediction problem in
each domain and allows the knowledge to be adaptively transferred across different domains
by automatically learning the correlation between domains. We also introduce the link func-
tion for different domains to correct their biases. Experiments conducted on several real-world

applications demonstrate the effectiveness of our method.

7.2 Multi-Domain Collaborative Filtering

Let X? € R™i*" denote the rating matrix for the ith domain, where i = 1, ..., K. So for each
domain we have m; users and n; items. In total we have m users in all domains. Let U? € R%*™
and V* € R%™ denote the latent user and item feature matrices with each column U;'- and each

column V' representing the user-specific and item-specific latent feature vectors, respectively.
We define the conditional distribution over the observed ratings on the th domain as

p(X U, V', 0;) = HH[ X (UYL, 07) I;’“, (7.1)

=1 k=1

where X, denotes the rating of the jth user on the kth element in X, and I, is the indicator

variable which is equal to 1 if the jth user rated the £th item in the th domain and is O otherwise.

We place zero-mean spherical Gaussian priors (Tipping & Bishop, 1999) on the user features
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and item features as

m

p(U'x) = [N (U304, A1) (7.2)
j=1

p(V'In:) = [N (ViI0a, 771a). (7.3)
k=1

To learn the relationships between different domains, we place a matrix variate normal dis-
tribution (Gupta & Nagar, 2000) on U = [vec(U!), ..., vec(UX)] where vec(-) denotes the

operator which converts a matrix into a vector in a columnwise manner:
p(UIQ) = MN i i (U0 e, Lna @ €2). (7.4)

More specifically, here the row covariance matrix I,,; models the relationships between user
latent features and the column covariance matrix {2 models the relationships between different

U¥’s. In other words, €2 models the relationships between domains.

In summary, the priors on U and V are

K m
p(U) = MNnixk (Ul0nmixi, Ing ® Q) H HN(U§-|0d> ML)

i=1 j=1
K n;

p(V) = J[T]N(Vilos,n1a),

i=1 k=1

where V = [vec(V1), ..., vec(V)], and the likelihood is defined in Eq. (7.1). So it can be fit

into the proposed framework in section 1.3.

7.2.1 Parameter Learning

The log-posterior over {U’} and {V*} is given by

np({U} AV H{X'} o, A 0. Q)

K m K m
Z 02 Z Z Ijlk (X;k; Uz Tvz> Z % Z Uz TUZ Z Z Vz Tvz
¢ k=1 i=1 j=1

i=1 j=1 v = lkl

K m. ng . d i d
D SIES SARCE S S R RS

j=1 k=1

+ Const, (7.5)

where 0 = (01,...,0)T, A = (\i,..., )T, and 3 = (m1,...,mx)T. We maximize
Inp({U}, {V'}{X'}, o, A, n, Q) to obtain the MAP solution of {U*} and {V*} and the MLE
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solution of o, A, 77 and 2. We use an alternating method to minimize J({U’}, {V'}, o, A, 1, Q) =
—Inp({U}, {V}{X}, 0, A, n,Q). In what follows, we will present each subproblem sepa-
rately.

Optimizing w.r.t. U;- when the other variables are fixed

The derivative of J with respect to U; can be calculated as

9
a_é; :A%ZUZ Z 1 (Vi(Vi'U - X5 Vi) + Z Uy,

Zkl

where ¥ = Q™! and );; is the (i, j)th element of ¥. We set the derivative to zero and obtain

the analytical solution as

Ui = ( (A2+wu Id+z LV(VL) > (Zﬁ Xi, Vi — UEthug). (7.6)

1£i

Consider a special case in which different domains are uncorrelated, which means that 2

and W are diagonal matrices, i.e., U;; = 0 for ¢ ## j. Then the update solution for U; is
U (g v+ BV 3

which degenerates to the update solution for single-domain matrix factorization.
Optimizing w.r.t. Vi when the other variables are fixed

The derivative of .J with respect to V, can be calculated as

oJ o
oV 772 Z ’“<UZ (U3 Vi - X5kU3‘>'

Z

We set the derivative to zero and obtain the analytical solution as

Vi = (nz Lﬁ—ZI]’kUZ (UY) ) Z]ZkXZkUZ (7.7)

(2 J 1

Optimizing w.r.t. {2 when the other variables are fixed

Since  is defined as a covariance matrix, £ and Q! are symmetric matrices. Then the

derivative of J with respect to Q' can be calculated as

oJ
ot

1
=UTU - md — 5(UTU—mdQ) o Ik,
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where ©® denotes the Hadamard product which is the matrix elementwise product. We set the

derivative to zero and get

1
Y= 5(2 © Ik),

where ¥ = UTU — md . Then we have
Yi =22 = ¥y =0

where ¥;; is the (4, j)th element of 3. So X is a zero matrix and we obtain the analytical

solution for €2 as

Q= UTU (7.8)

md

Considering Eq. (7.8), the (4, j)th element €;; of €2, which corresponds to the covariance be-

tween the ith and jth domains, can be computed as
Oy = — ( (U’))T (W) = 1 (u'w)7)
ij = |\ vec vec — )

which is the scaled dot product of vec(U?) and vec(U?). Since vec(U?) is modeled as latent user

features in the th domain, using the dot product to represent covariance matches our intuition.
Optimizing w.r.t. o; when the other variables are fixed
The derivative of J with respect to o2 can be calculated as
297 @ZZ%(XM - (U) Vk> +532. 0 L
‘ ij=1 k=1 ij=1 k=1
We set the derivative to zero and obtain the analytical solution as
T 7 2
(] 2 (2
Z] 1Zk 1 ]k <X]k (U]) Vk:)

;= . (7.9)
7 Z] 1Zk 1 jk

Optimizing w.r.t. \; when the other variables are fixed

The derivative of .J with respect to A? can be calculated as
oJ 1 « md
Y U’L TU’L -
ON? 20} Z( i) * 202

Jj=1

We set the derivative to zero and obtain the analytical solution as

1 m
—Z (UHTUL (7.10)

md J

97



Optimizing w.r.t. 7; when the other variables are fixed

The derivative of .J with respect to 7? can be calculated as

oJ I = i Ay
o~ "o 2V Vit g

We set the derivative to zero and obtain the analytical solution as

1 & . .
2 = viyIvi, 7.11
; dn; ;( k:) k ( )

7.2.2 Discussions

To gain more insights into our method, we plug Eqgs. (7.8), (7.10) and (7.11) into
J{U'},{V'}, o, n,Q). By ignoring some constant terms, J({U'},{V'}, o, A, 1, Q) can
be reformulated as

‘]({Ui}’ {VZ}’ o, mn, Q)

K m

XK: JgiZI;k<X;k U;)Tvg> Z (In o2 ZZ[;k Zln<Z(U§l)TU§)

=1 j=1 k=1 7j=1 k=1 =1 7j=1

+ Z i (kz (ViV} + Wln uTu. (7.12)

The first term in Eq. (7.12) measures the empirical loss on the observed ratings, the second term
penalizes the complexity of o, the third and fifth terms penalize the complexity of {U’}, and
the fourth term penalizes the complexity of {V*}.

Since

In (i(Uz)TUg =1In tr(Ui(Ui)T>

j=1
In (Y (VHTVL) = e (VI(VYT),
k=1
which are related to the trace norms of U’ and V? (Srebro et al., 2005), the third and fourth
terms in Eq. (7.12) penalize the ranks of U? and V*, respectively (Fazel et al., 2001). Moreover,
according to (Fazel et al., 2003), using the last term in Eq. (7.12) is to minimize the product of

all singular values of U’ which is related to the rank of U

7.3 Incorporation of Link Function

In the above model, the likelihood for the ratings is Gaussian as defined in Eq. (7.1). However,

since the ratings are discrete integral values, Gaussian likelihood is not very suitable and hence
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using it may affect the performance of our model. Here we consider a modification of our
model which first transforms the original ratings by a so-called link function and then applies
the above model on the transformed ratings. In what follows, we will present this modification

in detail.

The link function for the ith domain is denoted by g¢;(+; @;) which is parameterized by 6;.
We require g; to be monotonically increasing and mapping onto the whole real line; otherwise
the probability measure will not be preserved after the transformation. The transformed ratings
are denoted by latent variables Z° k= gZ(X %)- Similar to Eq. (7.1), the likelihood is defined on
ZJ’. 5 as

m. N i

w0 Vo) = [T T] [Vl vion] ™.

7j=1k=1

Then, using the Jacobian transformation, we obtain the likelihood on X’ as

P00 = [T V(X0 Vet )gixi] . @13)

7j=1k=1
where ¢(-) denotes the derivative function of g;(-). For simplicity of discussion, we assume
that different domains share the same link function, i.e., g;(-) = g¢;(-), Vi # j. We denote the

common link function as g(-) which is parameterized by 6.

For parameter learning, we still maximize the log-posterior to get the MAP solution of {U*}
and {VZ} and the MLE solution of the model parameters including o, A, i, €2 and 6. In this
way, both the original model parameters in the above section and the parameters of the link
function are learned simultaneously under the same probabilistic framework. We still use an

alternating method to optimize the objective function.

In detail, the negative log-posterior of the whole data is computed as

L {UY AV} o,A,n,9Q,0)

K 9 K 1 m
) ) iNTx7? 4 T 7 ) T 7
—ZQJ ZZIM(g Xj) = (U)TVL) 43 55 > (UL +Z LS vy
v =1 k=1 =1 =1 = l k=1
1 & S md & K dn 1 md
2 i 2 i 2 —171T
+§Z(lnaiz Ijk)+721mi+z 5 I + (U707 + - In ||
=1 j=1 k=1 i=1 i=1
K m n
_ Z Z I Ing'(X},) + Const. (7.14)
i=1 j=1 k=1

The update equations for {U’}, {V'}, o, X and 1 are similar to Egs. (7.6)—(7.11) by replacing

X;k with g(XJ’k) For the learning of @, since there is no analytical update solution, we use
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a gradient-based method such as the scaled conjugate gradient method' to update 8. More
specifically, the gradient of .J; with respect to ¢;, the /th element of 0, is computed as

aJy i s alng )
90, & '

ZZ[;k( X;k <UZ)TVZ> 891 ZZZ kT H0,

i =1 k=1 i=1 j=1 k=1

When we want to predict the (¢, r)th element in X?, we first predict the latent variable ZST
as
Zi _ (1T
qu - (Uq) VT’
and then the prediction for X é,, is computed as
i o —l(5i
XqT‘ =49 (qu)7

where g~!(-) denotes the inverse function of g(-). When g(-) has a simple form, we can easily
find the form of g~'(-); when g~!(-) is not easy to obtain, we can use numerical methods such

as the bisection method to find the unique root of the equation g(z) = Z ;r due to the monotonic
property of g(-).
In our experiments, we use g(x) = aln(bx +¢) +d (a,b,c > 0,d € R) as the link function.

Here ¢(z) is monotonically increasing and its domain is the set of all real numbers.

7.4 Related Work

There is little previous work on the MCF problem. The most related one is (Singh & Gordon,
2008) which proposes a collective matrix factorization (CMF) method for CF. In the case of
MCF, the collective matrix factorization method requires a common latent user feature matrix
U which is shared by all domains. However, in real applications in which different domains
have heterogenous properties, this requirement is not very reasonable. Our model can be viewed
as a generalization of the collective matrix factorization method where each domain has its own
latent user feature matrix and the correlation matrix between different domains is learned to
improve the performance of all rating problems in all domains. In this sense, collective matrix
factorization can be viewed as a special case of our model by restricting all U’ to be identical.
Moreover, a transfer collaborative filtering model was proposed in (Li et al., 2009) which aims
at improving the performance of a rating problem with very sparse data with the help of another
rating problem which has denser rating data. However, the objective of (Li et al., 2009) is
different from ours. For example, the model in (Li et al., 2009) is to improve one rating problem
with the help of another rating problem, but in our case, we want to improve the performance

of all rating problems in all domains simultaneously. Moreover, the model in (Li et al., 2009)

"http://www.kyb.tuebingen.mpg.de/bs/people/carl/code/minimize/minimize.m
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seems to work only for problems with two domains while our model can work for two or more

domains in the same way.

7.5 Experiments

In this section, we report some experiments on two real-world datasets along with our analysis

on the results.

7.5.1 Experimental Settings

We test the proposed methods on two public-domain recommendation datasets in which the

items come from different domains or sub-domains.

Datasets

We use two commonly used datasets in our experiments including one from movie ratings and
one from book ratings. In both datasets, the items can be divided into multiple heterogeneous

domains.

e MovieLens? is a widely used movie recommendation dataset. It contains 100,000 ratings
in the scale 1-5. The ratings are given by 943 users on 1,682 movies. Besides the rating

information, genre information about movies is also available.

e Book-Crossing® is a public book ratings dataset. A subset of the data is used in our
experiment, consisting of ratings on books with category information available on Ama-
zon.com. The subset contains 56,148 ratings in the scale 1-10 and these ratings are given
by 28,503 users on 9,009 books.

For the MovieLens dataset, we use the five most popular genres to define the domains,
whereas for the Book-Crossing dataset, we use the five general book categories. We randomly
select 80% of the rating data from each domain to form the training set and the rest for the test

set. Each configuration is iterated 10 times in the experiments.

http://www.grouplens.org/

3http://www.informatik.uni-freiburg.de/~cziegler/BX/
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Evaluation Metric

In this chapter, we use root mean squared error (RMSE) as the measure for performance evalu-

(s — Tii)?
RMSE = \/Zw( i ") (7.15)

ation:

N Y
where 7;; denotes the ground-truth rating of user ¢ for item j, 7;; denotes the predicted rating,

and the denominator NV is the number of ratings tested. The smaller the RMSE score, the better

the performance.

Baselines

We compare our proposed models with the following two methods:

e Independent collaborative filtering using probabilistic matrix factorization (PMF), which

treats different rating prediction problems in different domains independently.

e Collective matrix factorization (CMF) model (Singh & Gordon, 2008), which handles

problems involving multiple matrix factorization tasks.

In the following, we refer to our proposed method in Section 2 as MCF and the one in
Section 3 as MCF-LF.

7.5.2 Experimental Results

Parameter Setting

An appealing advantage of our probabilistic model is that it has very few parameters to set. In
fact, the only parameter that needs to be set is the latent dimensionality d. Figure 7.1 shows the
effect of the latent dimensionality on the performance of MCF for a subset of the MovieLens
dataset. We can see that the performance in terms of RMSE does not change much after d
reaches 10. Therefore, we set d to 10 in the following experiments. Other parameters in PMF,
CMF, MCF, MCF-LF are randomly generated.

Results

Table 7.1 shows the experimental results on the MovieLens dataset. We can see that our pro-
posed models have the best performance. The models that take multiple domains into consider-
ation (CMF, MCF, MCF-LF) perform better than PMF which treats different domains indepen-
dently. MCEF, which can learn the similarities between different rating prediction problems, per-
forms better than CMF, demonstraing the effectiveness of exploiting the relationships between
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Figure 7.1: Effect of the latent feature dimensionality on the performance of rating prediction
for a subset of the MovieLens data.

different domains. Comparing MCF with its variant MCF-LF which has the link function, we
can conclude that the link function brings about performance improvement consistently over all

domains.

Table 7.1: Comparison of different methods on the MovieLens data. Each column records the
RMSE scores on one domain and the last column records the RMSE score on the total testing
data. Each row records the mean RMSE of the corresponding method over 10 trials. 1st domain:
‘Comedy’; 2nd domain: ‘Romance’; 3rd domain: ‘Drama’; 4th domain: ‘Action’; Sth domain:
‘Thriller’.

Method 1st domain 2nd domain 3rd domain 4th domain 5th domain Total

PMF 0.9642 1.2104 0.9377 1.0035 1.0352 1.0092
CMF 0.8272 0.7977 0.8120 0.7945 0.7987 0.8088
MCF 0.8061 0.7914 0.7907 0.7761 0.7859 0.7913
MCF-LF  0.8017 0.7644 0.7806 0.7607 0.7504 0.7755

Table 7.2 shows the experimental results on the Book-Crossing dataset. MCF and MCF-LF
are also the best among all methods compared. Different from the situation in the MovieLens
dataset, the performance of CMF is worse than that of PMF, even though CMF considers multi-
ple domains jointly. The reason can be inferred from the correlation matrix in Table 7.4. Since
some domains are uncorrelated (1st and 4th domains, and 2nd and 4th domains), the assumption
in CMF that different domains share the same latent user features seems not very reasonable,
making the performance of CMF worse than that of PMF. However, since our methods can take
the correlations between different domains into consideration, they can achieve better perfor-

mance.

Analysis on Correlation Matrix

Table 7.3 shows the correlation matrix between five domains learned from the MovieLens
dataset, which seems consistent with intuition. For example, the genres ‘Comedy’ and ‘Thriller’
have the smallest correlation while ‘Romance’ and ‘Drama’ have the largest one. For the genre
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Table 7.2: Comparison of different methods on the Book-Crossing data. Each column records
the RMSE scores on one domain and the last column records the RMSE score on the total

testing data. Each row records the mean RMSE of the corresponding method over 10 trials.
Ist domain: ‘Mystery & Thrillers’; 2nd domain: ‘Science Fiction & Fantasy’; 3rd domain:
‘Science’; 4th domain: ‘Business & Investing’; 5th domain: ‘Religion & Spirituality’.

Method 1st domain 2nd domain 3rd domain 4th domain 5th domain Total

PMF 0.9180 0.9795 0.8308 0.8699 0.8812 0.9269
CMF 0.9620 1.0207 0.9777 0.8465 1.0449 0.9960
MCF 0.7023 0.7046 0.7585 0.7555 0.7371 0.7158
MCF-LF 0.5686 0.5791 0.6047 0.6001 0.5953 0.5811

‘Action’, we can see that the other genres are ranked into order as: ‘Thriller’, ‘Romance’,

‘Drama’, and ‘Comedy’, which matches our intuition.

Table 7.4 shows the correlation matrix between five domains learned from the Book-Crossing
dataset. Some relations between different domains revealed also seem intuitive. For example,
the categories ‘Mystery & Thrillers’ and ‘Business & Investing’ have nearly zero correlation
and the same is true for ‘Science Fiction & Fantasy’ and ‘Business & Investing’. Also, cate-

gories ‘Science’ and ‘Religion & Spirituality’ have the largest correlation.

Table 7.3: Mean of correlation matrix learned by MCF-LF on the MovieLens data in different
domains. Ist domain: ‘Comedy’; 2nd domain: ‘Romance’; 3rd domain: ‘Drama’; 4th domain:
‘Action’; 5th domain: ‘Thriller’.

Ist 2nd 3rd 4th Sth
Ist  1.0000 0.8837 0.8584 0.8319 0.8302
2nd 0.8837 1.0000 0.9288 0.8855 0.8805
3rd  0.8584 0.9288 1.0000 0.8647 0.8783
4th  0.8319 0.8855 0.8647 1.0000 0.9122
Sth 0.8302 0.8805 0.8783 0.9122 1.0000

Table 7.4: Mean of correlation matrix learned by MCF-LF on the Book-Crossing data in differ-
ent domains. 1st domain: ‘Mystery & Thrillers’; 2nd domain: ‘Science Fiction & Fantasy’; 3rd
domain: ‘Science’; 4th domain: ‘Business & Investing’; Sth domain: ‘Religion & Spirituality’.

1st 2nd 3rd 4th 5th
Ist 1.0000 0.6839 0.4973 0.0137 0.3887
2nd 0.6839 1.0000 0.4636 -0.0489 0.6034
3rd 04973 0.4636 1.0000 0.7270 0.7525
4th  0.0137 -0.0489 0.7270 1.0000 0.6682
5th  0.3887 0.6034 0.7525 0.6682 1.0000
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7.6 Concluding Remarks

In this chapter, we have addressed the multi-domain collaborative filtering problem in which
multiple rating prediction problems are jointly learned. We propose a probabilistic model which
considers the correlation between different domains when leveraging all rating data together.
Experiments conducted on several recommendation datasets demonstrate the effectiveness of

our methods.
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CHAPTER 8

CONCLUSIONS AND FUTURE WORK

In this chapter, we conclude the whole thesis and propose several possible directions for future

pursuit.

8.1 Conclusions

In this thesis, we have proposed a series of novel multi-task learning models under a probabilis-
tic framework with the ability to learn the task relationship for multi-task learning. Unlike most
existing multi-task learning methods which make some assumptions on task relationships, our
methods can be viewed as an adaptive way for multi-task learning to automatically learn them.

We briefly summarize our contributions in the following:

e Multi-task relationship learning (MTRL): By utilizing a matrix variate normal distribution
as a prior on the model parameters of all tasks, we propose a regularized multi-task learn-
ing method called multi-task relationship learning (MTRL) to learn the task relationships
in the form of a covariance matrix. Similar to regularized single-task learning methods
such as the ridge regression and SVM models, MTRL has a convex objective function
with global optimal solution. For parameter learning, since MTRL needs to learn the
model parameters of each task as well as the task relationships between tasks, an alternat-
ing optimization method is used for efficiency. Besides the symmetric multi-task learning
setting, we also investigate how to use MTRL in the asymmetric setting. Then we extend
MTRL to the general case where the prior becomes other matrix variate distributions, that
is, matrix variate ¢ distribution. Moreover, we also discuss an application of the idea in

MTRL on the transfer metric learning problem.

e Multi-task generalized ¢ process (MTGTP): To utilize the characteristics of Bayesian
methods, we propose a multi-task generalized t process (MTGTP). Different from MTRL
where the task covariance matrix has a parametric form and is a point estimation, MTGTP
models the task covariance matrix as a random PSD matrix and places an inverse-Wishart
prior on it. By utilizing a weighted-space interpretation of the multi-task GP in (Bonilla
et al., 2007), we integrate out the random task covariance matrix, leading to the birth of

the generalized ¢ process. By using the generalized ¢ process as a model prior, we adopt
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the generalized ¢ noise model as the likelihood of obtaining an analytical marginal like-
lihood as well as a robust model. Besides the promising empirical results reported for
some applications, we also present some theoretical results for MTGTP, that is, asymp-

totic analysis and learning curve.

Multi-Task High-Order Task Relationships Learning (MTHOL): We propose a method,
which is based on an alternative formulation of MTRL, to learn the high-order task re-
lationships. We propose a matrix variate distribution which is a generalization of the
matrix variate normal distribution. We then analyze the properties of this new distribu-
tion. By utilizing this new matrix variate distribution as a prior on the model parameters
of all tasks, we can learn the model parameters as well as the task relationships under
the regularization framework. Inspired by RVM, we also discuss the kernel extension by
changing the data representation. Experiments on some benchmark multi-task datasets

show the effectiveness of our proposed method.

Probabilistic Multi-Task Feature Selection (PMTFES): We propose a probabilistic multi-
task feature selection (PMTFS) method by learning the task relationships to alleviate
the assumption in existing multi-task feature selection methods that all tasks are similar.
By unifying the existing multi-task feature selection method via the [; , norm, we first
propose a probabilistic interpretation for regularized multi-task feature selection methods.
Then based on the probabilistic interpretation, we develop a probabilistic model to learn
the task relationships via the matrix variate generalized normal distribution. One by-
product of the proposed method is the learning of the ¢ parameter which is not covered

and also not easy to accomplish for existing multi-task feature selection methods.

Multi-Domain Collaborative Filtering (MCF): We propose an application of multi-task
learning on a collaborative filtering problem where we are given multiple collaborative
filtering problems from some related domains with the hope of alleviating the data spar-
sity problem in each domain and improving the performance in all domains. We use a
PMF model for the CF problem in each domain and learn the correlations between dif-
ferent domains in the form of a covariance matrix by imposing a matrix variate normal
distribution as a prior on the model parameters of all PMF models. Moreover, by consid-
ering the nature of the discrete integral values in the rating matrix, the Gaussian likelihood
is not very suitable. Hence we investigate a modification of our model which first trans-
forms the original ratings by a so-called link function and then applies the above model
on the transformed ratings. Empirical studies show that the incorporation of the link func-
tion leads to the performance improvement, which demonstrates the effectiveness of the

link function.
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8.2 Future Work

In our future work, we will pursue the following potential directions:

e A more general implementation for the proposed probabilistic framework: In this thesis,
we have used normal distribution and generalized ¢ distribution for the likelihood and
matrix variate normal distribution, matrix variate ¢ distribution and matrix variate gener-
alized normal distribution for the prior in the proposed probabilistic framework. In our
future work, we are interested in considering the methods with other choices for the like-
lihood and prior. Moreover, we hope to find a way to solve the optimization problem with

the prior and likelihood coming from some distribution family.

e Theoretical analysis on the proposed methods: In this thesis, we have shown the effec-
tiveness of our proposed methods empirically by experimenting them on some benchmark
multi-task datasets. In our future work, we will investigate the theoretical background of
our methods, that is, generalization bound and sample complexity, and hope to prove the
effectiveness of our methods over single-task learning methods and the existing multi-task

learning methods in the theory.

e Utilization of additional information: In many applications, there is some other additional
information, that is, unlabeled data, which can also be used to alleviate the labeled data
deficiency problem. Active learning and semi-supervised learning are two main ways
to utilize the unlabeled data. In our previous work (Zhang & Yeung, 2009), we have
studied the combination of semi-supervised learning and multi-task learning to utilize the
unlabeled data in the scenario of multi-task learning. In our future work, we are interested
in studying the combination of semi-supervised learning, active learning and multi-task

learning to further improve the performance by using the unlabeled data in a better way.

e Application on compressed sensing: Compressed sensing aims at recovering the sparse
signal w from a measurement vector b = Aw for a given matrix A. Compressed sensing
can be extended to the joint compressed sensing model in which the signals are repre-
sented as a set of jointly sparse vectors sharing a common set of nonzero elements (Cotter
etal., 2005; Chen & Huo, 2006; Sun et al., 2009). Specifically, the joint compressed sens-
ing model considers the reconstruction of the signal represented by a matrix W, which
is given by a dictionary (or measurement matrix) A and multiple measurement vector B
such that B = AW. Similar to the PMTFS method introduced in Chapter 6, we can
use ||[W||,, to enforce the joint sparsity in W. Since there usually exists noise in the
data, the optimization problem of the joint compressed sensing model can be formulated
as: minw A|W]1, + ||AW — BJ3. This problem is almost identical to the objective

function in the PMTFS method except that the loss defines the reconstruction error rather
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than the prediction error. So we can use the PMTFES model in Chapter 6 to develop a

probabilistic model for the joint compressed sensing model.
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APPENDIX A

DETAILS IN CHAPTER 3

A.1 SMO Algorithm for Problem (3.13)

In this section, we present an SMO algorithm to solve problem (3.13).
Recall that the dual form is formulated as follows:

1 ~ o
max h(a) = —§aTKoz + Z Gy
]

st. Y alb=0 Vi, (A.1)
J

where K is the kernel matrix of all data points from all tasks using the multi-task kernel, and
K = K+ %A where A is a diagonal matrix whose diagonal element is equal to n; if the
corresponding data point belongs to the ith task. So the kernel function for calculating K is
I%MT(xé»ll,xg) = kMT(X?l,X;Z) + 5-6(i1,2)8(j1, j2) where (-, -) is the Kronecker delta.
Note that for multiple tasks, there are m constraints in problem (A.1) with one for each task.

For the single-task setting, however, there is only one constraint in the dual form.

We define

i T
Iy = ool & k; — v,
J

where l~<§ is a column of K corresponding to xz The Lagrangian of the dual form is

7 L e i i
L=-ja'Ka+ Z byl + Z B; Z ad. (A.2)
] ? J
The KKT conditions for the dual problem are
L

oot

J

So the optimality conditions will hold at a given « iff for all j we have F; = f3;, that is, all
{F}}}., are identical fori = 1,...,m.

We introduce an index triple (i, 7, k) to define a violation at c if F; # F{. Thus the opti-
mality conditions will hold at « iff there does not exist any index triple that defines a violation.
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Suppose (i, j, k) defines a violation at some . So we can adjust a;'. and o} to achieve an
increase in h while maintaining the equality constraints » | ; aé =0for:=1,..., m. We define

the following update:

d;(t) = oz;» —t;
at) = aj, +t;

other elements in o remain fixed.

The updated « is denoted by &(t). We define ¢(t) = h(&(t)) and maximize ¢(t) to find the
optimal ¢*. Since ¢(t) is a quadratic function of ¢, ¢(t) = ¢(0) + t¢'(0) + %(b”(O). So the

optimal ¢* can be calculated as

¢'(0)

tr=— . A3
¢"(0) (A9
It is easy to show that
iy 09(t)
_ 9¢(t) 0a5(t) | 9e(t) D (t)
~dai(t) ot Oak(t) ot
— B - B
" o' (t
oy = 2210
00 95(0)  00'(1) 0441
~dal(t) ot OaL(t) ot
= QkMT(X;,XZ) — kMT(Xé-,Xj-) — kMT(xZ,xZ) —n,
where [(t) is the value of F! at G&(t). So
t*:_sz_F’z, (A4)
Ui

where 77 = ¢”(0) is a constant. After updating , we can update F? for all p, g as well as h as:

(FPy™ = F? + /?;MT(X;Z, xg)[&j.(t*) — a;l] + kearr (XL, xD) [, (1) — o] (A.5)
n(t*)?

hnew — hold 4 ¢(t*) _ ¢(O) — hOZd _ T (A6)

The SMO algorithm is an iterative method and we need to define the stopping criterion.
Similar to the SMO algorithm for SVM which uses the duality gap to define the stopping cri-

terion, we also use a similar criterion here. When given an o, let £ denote the current primal
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objective function value, h the dual objective function value, £* the optimal primal objective

function value, and A* the optimal dual objective function value. By the Wolfe duality, we have
E>FE"=h">h.

Since E* and h* are unknown, we define the duality gap as D,,, = E — h. So the stopping
criterion is defined as D,,, < eh where ¢ is a small constant. From this stopping criterion, we
can get

E—-FE*"<D,, <eh<eFE.

gap =

Next we show how to calculate Dy, in term of {F}} and . From the constraints in the primal

form, we can get

g = ¥ — (W (x}) +bi)

(S

nioﬂ )
= I _p —Fl
2 J

Finally, D,,, can be calculated as

Deap =E —h

In the above calculation, we need to determine {b; }. Here we choose {b; } to minimize D,,,

at the given c, which is equivalent to minimizing ) | i j(aé-)z. So b; can be calculated as

1 <. /nad A
bi:;Z( 2J—F;). (A7)

The whole procedure for the SMO algorithm is summarized in Table A.1 below.

A.2 Derivation of Problem (3.21)

In this section, we show how to formulate problem (3.21) as a second-order cone program-
ming (SOCP) problem.

127



Table A.1: SMO algorithm for Problem (A.1)

Input: training data {x},y}7",, €

Initialize o as a zero vector;

Initialize { }} and h according to «;

Repeat
Find a triple (i, j, k) that defines a violation for each task;
Calculate the optimal adjusted value ¢* using Eq. (A.4);
Update {FJ’} and h according to Egs. (A.5) and (A.6);
Calculate {b;} according to Eq. (A.7)

Until D, < €f

Output: o and b.

We write WZW,;, = ( 5% ‘;j’z > where ¥y; € R™™ WUy, € R™! and Uy, € R.
12

Then Q — tWZW,;, = 0 is equivalent to
(1 — O')Q —t\I’n i 0

-1

g — t\IJQQ 2 (Ldm — t‘I’lg)T(<1 — O')Q — t‘I’H) (wm — t‘I’12)7

which can be reformulated as
(1—0)L, —tQ 20,22 =0

o — t\I’QQ 2 (wm - t‘I’lg)Tﬂ_% ((1 - O')Im - tQ_%‘I’HQ_%> Q_%(U)m - t‘I’lg),

where Q™2 can be computed in advance. Let \iln = Q_%\IIHQ_%, U and A\q,..., \, denote

the eigenvector matrix and eigenvalues of \I~111 with \; > ... > \,, > 0. Then

(1—U)Im—t‘iin>_‘0@]_—0'2/\1t

and
((1 )L, — t® )_1 Udi ( ! ! )UT
—o)L, — = 1a ey .
1 & 1—0—1t\ 1—0—1t\,
Combining the above results, problem (3.20) is formulated as
min —t
W ,0,T,t
S.t. 1—0 Z t)\l
f= UTQ*%(wm — t\I’lg)
— < og—t¥
Z 1 — 0 — t)\] =7 2
7=1
Wi Wy <o —o? (A.8)
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where f; is the jth element of f. By introducing new variables h; and r; (j = 1,...,m), (A.8)

is reformulated as

min -t
wﬁlaa—}f:t7h7r

S.t. l1—0 Z tAl
f=UTQ 2 (wy — t0,)

Z hj S g — t\IIQQ
j=1

T‘jzl—O'—tAj\V/j
2

L < bV
Tj
wiQ Tt <o -0’ (A.9)
Since
2
. , 4
Tj 3 )
and
1
Q_§w~
m 1
Wl <o - 0% — "T*l SO;— ,
o

2

problem (A.9) is an SOCP problem (Lobo et al., 1998) with O(m) variables and O(m) con-

straints. Then we can use a standard solver to solve problem (A.9) efficiently.

A.3 Detailed Procedure to Compare Two Bounds

In this section, we will prove that the upper bound in Eq. (3.25) is tighter than that in Eq. (3.24),

which means that the following inequality holds:
tr(M (I, + WQT'WT)) + In|M| — d < tr(WQ'WT), (A.10)

where M = I; + WO (QW) =1 (WO)T or, more generally, any positive definite matrix.

To prove (A.10), we first prove the following Lemma.

Lemma A.1 For two d X d positive definite matrices A and B, the following equality holds:

tr(A7'B) + In|A| < tr(B).
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Proof:
Consider the function F'(X) = tr(X"'B) + In |X|. We set its derivative to zero to get

OF(X)

=X'-X'BX'=0 = X=B.
X

It is easy to prove that the maximum of F'(X) holds at X = B, which implies
tr(A™'B) +In|A| = F(A) < F(B) =In|B| +d.

By using Lemma 1, we can get
In|B|+d < tr(B).

Finally, we can get
tr(A7'B) + In|A| < In|B| +d < tr(B),

which is the conclusion. O

By using Lemma 2 where we let A =M and B =1,; + WQ W7, we can prove (A.10).

A.4 Optimization Procedure for Problem (3.28)

We present here the optimization procedure for solving problem (3.28). We use an alternating

method with two subproblems to be presented separately below.

Optimizing w.r.t. 3; when 2 and {X} ; are fixed

We first define 3 and Q7! as

¥ = <V€C(Ei), 2_i>

Q! - Vii 'YiT
vi T'i )

Then the third term in the objective function of problem (3.28) can be rewritten as

ﬁu(f:ﬁ*lfJT) :%tr((veC(Ei)j—i) ( i 1?T ) (Vec*(?.i >T)>

2 Vi X,
A - - -
=2 <%i||vec(2i) 12+ 277" vee(Z)) + tr(E_iF_Z—Ei))
A

=2 (alZilF + 2(ME) + w(Sr- 8

where | - ||, denotes the 2-norm of a vector and M is a matrix such that vec(M) = X_;v,. Note

that the third term in the last equation above is independent of 33;. It is easy to show that M is
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a symmetric matrix. The optimization problem with respect to 3; becomes

i 2 i i i AL+ Ao
min s Do [ I xR ) + SIS + (M)
‘ EA j<k
s.t. 3 = 0. (A.11)

It is easy to see that this problem is a convex semidefinite programming (SDP) problem since
the objective function is convex with respect to ¥3; and the constraint is a PSD constraint on ;.
Even though solving an SDP problem is computationally demanding with poor scalability, we

can adopt the technique in (Weinberger & Saul, 2008) and use gradient projection to solve it.

Optimizing w.r.t. 2 when {3;} are fixed

When {3;} are fixed, the optimization problem for finding €2 becomes

~T ~

m(izn tr(Q7'E %)
s.t. Q>0
r(Q) = 1. (A.12)

Then we have

tr(Q'A) = tr(QA)r(Q)
= w((Q2A2)(AZQ 2))r(Q202)
> (r(Q7:A:02)) = (w(A2))*,
where A = f]TfJ The first equality holds because of the last constraint in problem (A.12)

and the last inequality holds because of the Cauchy-Schwarz inequality for the Frobenius norm.

Moreover, tr(2"*A) attains its minimum value (tr(Az))? if and only if

N

= af)

N

Q:A

for some constant a and tr(£2) = 1. So we can get the following analytical solution:
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APPENDIX B

DETAILS IN CHAPTER 4

In this section, we provide the proofs for Egs. (4.2), (4.3) and (4.6).

Before we present our proofs, we first review some relevant properties of the matrix variate

normal distribution and the Wishart distribution as given in (Gupta & Nagar, 2000).

Lemma B.1 ((Gupta & Nagar, 2000), Corollary 2.3.10.1) If X ~ /\/l./\/'qxs(l\/l7 YRW),d e R?
and ¢ € R?, then
d"Xc ~ N(d"Mc, (d"2d)(c" ¥c)).

Lemma B.2 ((Gupta & Nagar, 2000), Theorem 2.3.5) If X ~ MN ,s(M, X ® W) and A €
R**s then
E(XAXT) = tr(ATW)Z + MAM™.

Lemma B.3 ((Gupta & Nagar, 2000), Theorem 3.3.16) IfS ~ MN ,(a,X) where a—q—1 >

0, then
Zfl
E(S™ )= —F—
5=t
where S~ denotes the inverse of S.

For Eq. (4.2), using Lemma B.1 and the fact that W ~ MN g, (04 s, I ® ), we can
get
1} o) Wi = ¢(x) Wey s ~ N (0, (6(x) T p(x))) (e, i Zenm)).
Since ¢(x}) Ty p(x}) = k(x},x}) and e, ;Xe,, ; = Xy, we can get fi ~ N (0, Bk (x), x5)).
For Eq. (4.3), we have
(13 0) = [ 00 Wenn e, WOl p(W)aW
= ¢(x;)"E(We, e, \WT)o(x),
then using Lemma B.2 and the fact that W ~ MN y/ 1 (04 xm, Ly ® ), we can get
(fj: 1) = o(x) (e e, , 2)Lod(x])
= tr(emvreﬁin})k(x‘?, X.)
= efl,izemvrk(xé, x")
= Eirk(xé-,xg).
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The second last equation holds because e,, ; and e, , are two vectors.

For Eq. (4.6), recall that the two random variables S ~ Wy (v + d — 1,1y) and Z ~
MN 3 5m (0@ scm, Iy @ W) are independent and W = S~1/2Z. Then we can get

0y = [ [ o6 P wiT st v, i,
= [ 60" We e, W0l p(W)IW
= [ [ ox)s 1 ze, e, 28 0(x)p(2)p(S) a2
— [ 66)"S 2B Ze 01, 2118 0x)p(S)d8
— 0, [ 6(x)78 10(x)p(S)dS  (Using Lemma B.2)
— 0,0 TE(S)o(x)

W k(x, X))

(Using Lemma B.3)
v—2

Moreover, according to Lemma B.3, v is required to be larger than 2.
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APPENDIX C

DETAILS IN CHAPTER 6

In this section, we present the derivation of the noninformative Jeffreys prior in Eq. (6.8).

The prior on W is defined as follows:
w' ~ MGN(0, pi, q). (C.1)

Then the noninformative Jeffreys prior for p; can be calculated as

01 i p;
p(pi) < v/1(p7) \/W %'p))} (C2)

Since

p(wilp;) = 1 exp{ _ Z;nzl |wij|q}

we can get
Olnp(w'|ps) _ N L
Ip; pf“ Pi

Then the Fisher information can be calculated as

o) = B[ (22210

Ipi

_ q> ey lwigl?  my2

- wi|p; [(T - _> :|
Pi pi

- 2q+2 { Z wij|pi ww‘ + Z Z Eeisli ww’ ] wik|pi [ wikm}

j=1 J=1 k=1,k#j
m?  mg &
+P_12 - p;ﬂr? Ewij\m “wijlq} .

J=1
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So we need to calculate B, ,, [[wi;|?] and B, [|wi;|*] as follows:

ij1Pi - Qplr(l + %) pg

+oo 1 w(,I.
= ————exp{ — —2 }w‘?-dwf
/0 pil'(1+ 1) p{ pl e

)

q

+00 q—1 wi
= —/ i—wi»dexp{— ”}
o al(l+7) " pi

_
q
and
—+o00 1 ‘wl‘q
Eujps [Jwis*1] = / me}{p{_ pé }|wz‘j|2qdwz‘j
—00 1 q 7

7

+oo 1 w:]] )
= —exp{ - }w-gdwi-
/0 pil(1+ 1) plJoe
_ a1 +oo w?.
= p—11/ wffldexp{ - qu}
aI'(1+ ) Jo Pi

4 a

_ a1 w 400 +00 w?r.
- F<fl+ I [wgfl eXP{ - — }‘ - / exp{ - —ff}dwfjﬂ]
q g p; 210 0 Pi

g+ Dpi7t [t wy
- e e (=G
q 2

1 q +oo 1 i'q
_ M/ L jugirens { - s b,
q o 200(1 4 7) P

+ 1)p!
= uEwijlpiUwiﬂq]

(¢ +1)p}"
¢
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So

2 2

foy M mPapl @ rmlg+1)p
(pi) = ?_ paEy p2q+2[ 7
~ m(qg+m)
i

Finally the Jeffreys prior for p; is formulated as

1

p(pi) o< —.

i

which is identical to the conventional one.
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